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Abstract 

Canonically deformed spacetime, where the commutator of two coordinates 
is a constant, is the most commonly studied noncommutative space. Noncom- 
mutative gauge theories that have ordinary gauge theory as their commutative 
limit have been constructed there. But these theories have their drawbacks: First 
of all, constant noncommutativity can only be an approximation of a realistic 
theory, and therefore it is necessary to study more complicated space-dependent 
structures as well. Secondly, in the canonical case, the noncommutativity didn't 
fulfill the initial hope of curing the divergencies of quantum field theory. There- 
fore it is very desirable to understand noncommutative spaces that really admit 
finite QFTs. 

These two aspects of going beyond the canonical case will be the main focus 
of this thesis. They will be addressed within two different formalisms, each of 
which is especially suited for the purpose. 

In the first part noncommutative spaces created by T*r-products are studied. 
In the case of nonconstant noncommutativity, the ordinary derivatives possess a 
deformed Leibniz rule, i.e. di{f-kg) ^ dif-kg + f-kdiQ. Therefore we construct new 
objects that still have an undeformed Leibniz rule. These derivations of the ^- 
product algebra can be gauged much in the same way as in the canonical case and 
lead to function-valued gauge fields. By linking the derivations to frames (viel- 
beins) of a curved manifold, it is possible to formulate noncommutative gauge 
theories that admit nonconstant noncommutativity and go to gauge theory on 
curved spacetime in the commutative limit. We are also able to express the de- 
pendence of the noncommutative quantities on their corresponding commutative 
counterparts by using Seiberg-Witten maps. 

In the second part we will study noncommutative gauge theory in the matrix 
theory approach. There, the noncommutative space is the ground state of a 
matrix action, the fluctuations around this ground state creating the gauge theory. 
In the canonical case the matrices used are infinite-dimensional (they are the 
Fock-space representation of the Heisenberg algebra), leading to a number of 
problems, especially with divergencies. Therefore we construct gauge theory using 
finite dimensional matrices (fuzzy spaces). This gauge theory is finite, goes to 
gauge theory on a 4-dimensional manifold in the commutative limit and can also 
be used to regularize the noncommutative gauge theory of the canonical case. 
In particular, we are able to match parts of the known instanton sector of the 
canonical case with the instantons of the finite theory. 
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Chapter 1 
Introduction 



There is a simple Gedankenexperiment showing that any quantum theory inchid- 
ing gravity will make it impossible to measure distances smaller than the Planck 
length: Trying to measure smaller and smaller distances, we are forced to use test 
particles with more and more energy. But this energy will affect the geometry of 
space itself, creating black holes which finally become bigger than the distances 
we wanted to measure (see e.g. [36]). Below the Planck length, distance looses 
its meaning. 

In the absence of a consistent formulation of quantum gravity, we do not know 
the exact nature of quantized spacetime, but it is clear that the usual notion of a 
differentiable manifold should be replaced by something reflecting the quantum 
nature of spacetime at very small distances. Following the well known ideas of 
quantum mechanics, the uncertainty in the measurement of the coordinates leads 
directly to the notion of noncommutative spaces. 

There is another motivation for the introduction of noncommutative space- 
time, this time coming from quantum field theory. There, the divergencies appear- 
ing in the quantization are UV-effects, and therefore related to small distances. 
The introduction of noncommutativity could work as a ultraviolet cut-off, making 
QFT finite. Even though the UV-divergencies are now well under control through 
the renormalization programme, they nevertheless suggest that spacetime should 
change its nature at very small distances. 

To make spacetime noncommutative, the commutative algebra of functions is 
usually replaced by a noncommutative algebra generated by coordinates with 
commutation relations 

[x\x^]^i9'^. (1.1) 

In the canonical case, this commutator is a constant, i.e. 9^^ e R. Gauge theory 
on this space was studied in great detail in the last few years, mainly due to 
its appearance in string theory. But if we think that noncommutativity is an 
effect of quantum gravity, the canonical case can only be the simplest example. 
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Other, more complicated structures sliould be studied, especially structures that 
are related to curved backgrounds. But also in view of our second motivation, the 
canonical case proved to be disappointing: it doesn't cure the infinities of QFT, 
it rather adds new ones. 

The aim of this thesis will be to extend noncommutative gauge theory beyond 
the canonical case, in the two directions mentioned above: towards noncommu- 
tative gauge theory on curved backgrounds in part I, and towards gauge theory 
models which are actually finite in part II. For these two goals, we will use two 
different approaches, two different ways in which noncommutative gauge theory 
can be formulated already in the canonical case: one using ★-products, the other 
one matrices. 

The notion of a ^-product came first up when Groenewold [47] and Moyal [87] 
used Weyl's quantization prescription [100] to pull back the noncommutativity 
of the quantum mechanical position and momentum operators onto the classical 
phase space. Later on, it was generalized in the framework of deformation quan- 
tization [11, 12] to arbitrary symplectic and Poisson manifolds. A ^-product is 
an associative noncommutative product acting on functions on a manifold, the 
noncommutativity being controlled by a deformation parameter. Expanded in 
this parameter, one can write 

fi^g^f-g + e'WJdjg + 0{e') (1.2) 

To zeroth order, the ^-product reproduces ordinary pointwise multiplication, 
higher orders are bidifferential operators acting on the functions. The first order 
term corresponds to a Poisson structure. While every ★-product corresponds to a 
Poisson structure, the opposite is also true: For on every Poisson manifold there 
is a ★-product quantizing the Poisson structure [71]. 

Interest in noncommutative gauge theory formulated with the help of ★- 
products triggered when it became clear that it appears in string theory as the low 
energy limit of open strings with a background -B-field [26]. In this picture, the 
endpoints of the open strings on the D-brane cease to commute, and depending on 
the regularization used, their behavior can be described either by noncommutative 
Yang-Mills theory or by commutative Yang-Mills with background B-field. These 
two descriptions can be linked by a map from the noncommutative quantities to 
the commutative ones, the Seiberg-Witten map [95]. 

The approach to noncommutative gauge theory most important to this thesis 
was developed in Munich in a series of papers [78, 64, 63], noticing that multi- 
plication with a noncommutative coordinate is no longer a covariant operation. 
Then, coordinates have to be gauged much in the same way that derivatives 
have to be gauged in commutative gauge theory, leading to covariant coordi- 
nates. As the ★-product in the canonical case behaves very much like an ordinary 
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product with respect to differentiation and integration, the covariant coordinates 
can be used to formulate noncommutative gauge theory in close analogy to the 
commutative case. The noncommutative theory is finally linked to the commuta- 
tive one by using Seiberg-Witten maps, allowing to deal with nonabelian gauge 
theory as well. This way, it was possible to construct a noncommutative ver- 
sion of the standard model [18, 81] and study its phenomenological implications 
[13, 89, 80, 81, 82]. The extension to supersymmetry is somewhat more com- 
plicated as the SW-maps in general become nonlocal [84], but for the case of a 
reduced N = ^ supersymmetry it is still possible [85]. Lately, it was even possible 
to formulate noncommutative gravity [8] for the canonical case. 

As the noncommutative gauge transformations contain translations in space, 
there can't exist local observables in noncommutative gauge theory. But it was 
realized that in momentum space, certain Wilson loops with fixed momentum are 
actually gauge invariant [59, 48, 31]. These Wilson loops do not quite close, but 
contain a gap corresponding to the noncommutativity and the momentum, which 
is why they are also referred to as open Wilson lines. These open Wilson lines 
were used to construct the inverse SW-map for the field strength to all orders 
[90]. Other approaches to calculating SW-maps include a solution for abelian 
gauge theory to all orders using the Kontsevich formality map [71, 65, 66], a 
cohomological procedure within the BRST formalism [17] and a refined analysis 
of its internal structure [25]. 

In the quantization of noncommutative gauge theory, the legs of diagrams 
can no longer be exchanged, leading to a distinction between planar and non- 
planar diagrams [39]. The planar diagrams have the same high energy behavior 
as their commutative counterparts, but the nonplanar diagrams lead to what is 
called IR/UV-mixing [86]. The diagrams are made finite in the UV by oscillatory 
factors, but only for finite momentum. For vanishing momenta, the divergencies 
reappear, therefore mixing the UV and the IR behavior of the theory. There are 
many studies on the renormalization properties of such theories (see [37, 98] for 
references), but so far the only consistently renormalizable theory is 0^-theory 
with a special potential term added [54]. 

There are several lines of research going beyond the canonical case [19]. Covari- 
ant coordinates and SW-maps can be constructed for arbitrary Poisson manifolds 
[65, 67, 66], but the limit to commutative gauge theory no longer is clear. On 
K-deformed spacetime, it was possible to establish noncommutative gauge the- 
ory, the nonconstant commutator of the coordinates leading to derivative valued 
gauge fields [33, 34, 35]. Somewhat closer to our approach, gauge theory on the 
£'g(2)-covariant plane was studied using frames [83]. More recently, there have 
been attempts using coordinate transformations from the canonical case to more 
complicated algebras [30, 40, 93]. 
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The first part of this thesis will be devoted to expanding noncommutative 
gauge theory to more general ^-products and relating it to gauge theory on curved 
spacetime. 

In chapter 2, we will first discuss the canonical case. We introduce the 
product usually used in this case, the Moyal-Weyl ^-product. With this, non- 
commutative gauge theory is formulated in the standard way. As this approach 
can only deal with U{N) gauge groups, we introduce Seiberg-Witten maps to 
accommodate for general gauge groups. We end this chapter with discussing 
noncommutative observables. 

In chapter 3, we start with the general definition of :*r-products, and show how 
they arise out of ordering prescriptions of algebras. For a special ordering, the 
Weyl- (or symmetric) ordering, we then calculate the corresponding T*r-product 
to second order for general algebras, a result already published in [15] together 
with Andreas Sykora. Two other T*r-products are presented as well, the Jambor- 
Sykora ^-product [62] and Kontsevich's formality T*r-product [71]. After discussing 
integration on such ★-product algebras, we end with concrete examples. 

In chapter 4, we discuss derivatives and derivations on ★-product algebras. 
For the canonical case, the usual derivatives still had the undeformed Leibniz 
rule. For general ^-products, this is no longer the case. The derivatives acquire 
a nontrivial coproduct, which means that their Leibniz rule is deformed. But for 
our construction of gauge theory we will need objects that still have the usual 
Leibniz rule, i.e. derivations of the ^-product algebra. We are able to identify 
such objects by linking them to vector fields commuting with the Poisson structure 
corresponding to the ^-products. We explicitly construct these derivations for the 
three ★-products introduced in chapter 4, and end with the continuation of the 
example from chapter 3. 

In chapter 5, we use the derivations to construct gauge theory. As the deriva- 
tions have the usual Leibniz rule, they can be gauged in full analogy to the 
canonical case, leading to function-valued gauge fields and field strength. As we 
want the noncommutative gauge theory to have a meaningful commutative limit, 
we link it to gauge theory on curved spacetime by introducing frames. On the 
commutative side, frames can be introduced to diagonalize the metric. If they 
fulfill a compatibility condition with the Poisson structure of the noncommuta- 
tive space, we can lift them to derivations of the ★-product algebra. Then we use 
these derivations to build a noncommutative gauge theory that in the commu- 
tative limit reduces to gauge theory on curved spacetime. We give an example 
where the spacetime of the commutative limit is a manifold with constant curva- 
ture. To deal with general gauge groups, we again introduce SW-maps from the 
noncommutative to the commutative quantities. For the Weyl-ordered ★-product, 
we calculate the SW-maps for all relevant quantities up to second order. For the 
formality ★-product we are able to construct the SW-maps to all orders for abelian 
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gauge theory. The results of this chapter (and parts of the preceding chapter) 
have already been published in [15] together with Andreas Sykora. 

In chapter 6, the last chapter on the ^-product approach, we start with noticing 
that covariant coordinates can be defined for any T*r-product, and use them to 
construct noncommutative analogs of Wilson lines. These can then be used to 
build noncommutative observables and to extend the construction of the inverse 
SW-map of [90] to general ^-products with nondegenerate Poisson structure. This 
has been published in [16], again together with Andreas Sykora. 

But ★-products aren't the only way to express the noncommutativity (1.1). In 
the canonical case, the algebra of the coordinates is nothing but the well known 
Heisenberg algebra, and we can use the creator and annihilator formalism to rep- 
resent it. The coordinates then become infinite-dimensional matrices acting on a 
Fock space, the derivatives commutators with the coordinates and integration the 
trace over the Fock space. Gauge transformations are now unitary transforma- 
tions, and we again have to gauge the coordinates to get covariant coordinates 

— + A\ The gauge theory action 

S ^ctr{[X\X^]-i9'^f (1.3) 

can be expressed entirely in terms of the dynamical matrix variables X\ reproduc- 
ing the noncommutative space as the ground state, with the fluctuations forming 
the gauge theory. In the canonical case, this description is equivalent to the 
★-product approach, but it is the better framework to address nonperturbative 
questions such as topological solutions. 

The instanton sector of noncommutative gauge theory is very rich, and many 
classical constructions can be reformulated on the noncommutative side. In two 
dimensions, all instantons have been classified [50], but in four dimensions the pic- 
ture is far more complicated. There are the generalizations of the two-dimensional 
instantons (which will become important in this thesis), but there are many 
other instantons as well, which can be found by using a noncommutative ADHM- 
construction or Nahm's equations (see [37] for references). 

The quantization of the model of course is troubled by the same divergencies 
as the one constructed via ★-products, but the exact definition is quite nontrivial 
for another reason as well: the theory contains sectors with any rank of the gauge 
group U{n) [50]. To have a well-defined theory and quantization prescription, a 
regularization of gauge theory on is therefore very desirable. 

Luckily, there is a number of cases (in particular certain quantized compact 
spaces such as fuzzy spheres and tori), which have finite dimensional matrix 
representations of size N. In the limit ^ oo, they nevertheless approach 
a commutative space. Gauge theory on these spaces can be introduced much 
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in the same way as in (1.3), but now the covariant coordinates Xi are finite- 
dimensional Hermitian matrices of size N. The conventional gauge theory is then 
correctly reproduced in the limit — > oo. This leads to a natural quantization 
prescription by simply integrating over these matrices, making everything finite 
and well defined. 

In the 2-dimensional case, this matrix-model approach to gauge theory has 
been studied in considerable detail for the fuzzy sphere Sj^ [74, 21, 96, 57, 22] and 
the noncommutative torus [3, 91, 92, 45], both on the classical and quantized 
level. It is well-known that can be obtained as the scaling limit of these spaces 
Sjf and at least locally, which suggests a correspondence also for the gauge 
theories. This correspondence of gauge theories has been studied in great detail 
for the case of — > [91, 44, 46] on the quantized level, exhibiting the role of 
certain instanton contributions. 

In 4 dimensions, the quantization of gauge theory is more difficult, and a 
regularization using finite-dimensional matrix models is particularly important. 
The most obvious 4-dimensional spaces suitable for this purpose are ¥^,5^ x S"^ 
and CP'^. On fuzzy CP^ [52, 2, 20], such a formulation of gauge theory was given 
in [53]. This can indeed be used to obtain for the case of U{2) -invariant 9^^ . 
The case of x S"^ as regularization of Wg with degenerate 6'*-' was considered in 
[103, 104], exhibiting a relation with a conventional non-linear sigma model. A 
formulation of lattice gauge theory for even-dimensional tori has been discussed 
in [5, 4, 45]. Related "fuzzy" solutions of the string-theoretical matrix models [58] 
were studied e.g. in [60, 70], see also [69]. 

The second part of this thesis will be devoted to the construction of gauge 
theory on such a 4-dimensional fuzzy space, the product of two fuzzy spheres 
Sjf X Sj^. Besides introducing fermions as well, we will use this model to regularize 
gauge theory in the canonical case, i.e. on R^, with a special interest in the 
behavior of the instanton sector. 

For this, we will again study the canonical case in chapter 7, this time using 
the matrix-model approach. The coordinates become annihilation and creation 
operators on a Fock space, and gauge theory can be formulated as an infinite- 
dimensional matrix model having the space as its ground state. We explain 
why this theory contains sectors for every rank n of the gauge group U{n), and 
construct the 4-dimensional generalization of the instantons found in [50]. 

In chapter 8, we first present the fuzzy sphere Sff introduced by John Madore 
in [73]. To go to 4 dimensions, we use the product of two such spheres to get to 

^ show how to get to the canonical case of R^ in a double scaling 

limit. 

In chapter 9, we give a definition of U{n) gauge theory on fuzzy Sj^ x S^. 
The action is a generalization of the approach of [96] for fuzzy Sff. It differs from 
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similar string-theoretical matrix models [58] by adding a constraint-term, which 
ensures that the vacuum solution is stable and describes the product of 2 spheres. 
The fluctuations of the covariant coordinates then correspond as usual to the 
gauge fields, and the action reduces to ordinary Yang-Mills theory on x in 
the limit iV — > cx). 

We then discuss some features of the model, in particular a hidden 5*0(6) 
invariance of the action which is broken explicitly by the constraint. This suggests 
some alternative formulations in terms of collective matrices, which are assembled 
from the individual covariant coordinates. This turns out to be very useful to 
construct a Dirac operator, and may help to eventually study the quantization 
of the model explicitly. The stability of the model without constraint is also 
discussed, and we show that the only flat directions of the SO (6) -invariant action 
are fluctuations of the constant radial modes of the 2 spheres. The quantization of 
the model is deflned by a flnite integral over the matrix degrees of freedom, which 
is shown to be convergent due to the constraint term. We also give a gauge-flxed 
action with BRST symmetry. 

We also include charged fermions in the fundamental representation of the 
gauge group, by giving a Dirac operator D which in the large limit reduces 
to the ordinary gauged Dirac operator on x S'^. This Dirac operator inherits 
the SO (6) symmetry of the embedding space S^ x S^ (Z M.^, and exactly anti- 
commutes with a chirality operator. The 4-dimensional physical Dirac spinors 
are obtained by suitable projections from 8-dimensionaI 5*0(6) spinors. This 
projection however commutes with D only in the large limit, and is achieved 
by giving one of the 2 spinors a large mass. Weyl spinors can then be deflned 
using the exact chirality operator. An alternative version of chirality is given by 
deflning a Ginsparg- Wilson system. 

As a further test of the proposed gauge theory, we study topologically non- 
trivial solutions (instantons) on 5*^ x 5*^,. We flnd in particular a simple class 
of solutions which can be interpreted as 17(1) instantons with quantized flux, 
combined with a singular, localized flux tube. They are related to the "fluxon" 
solutions of C/(l) gauge theory on [50] discussed in chapter 7. Solutions which 
can be interpreted as 2-dimensional spherical branes wrapping one of the two 
spheres are also found. 

In chapter 10. we then study the relation of the model on 5*^ x 5*^ with 
Yang-Mills theory on Mg, and demonstrate that the usual Yang-Mills action on 

is recovered in the appropriate scaling limit. We show in detail how the U{1) 
instantons (fluxons) on Wg of chapter 7 arise as limits of the above non-trivial 
solutions on 5"^ x Sff. In particular, we are able to match the moduli space of 
n fluxons, corresponding to their location on Rg resp. Sj^ x Sjf. We flnd in 
particular that even though the fleld strength in the bulk vanishes in the limit 
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of M.Q, it does contribute to the action on Sj^ x S% with equal weight as the 
localized flux tube. This can be interpreted on Wg as a topological or surface 
term at inflnity. Another unexpected feature on Sj^ x S"^ is the appearance of 
certain superselection rules, restricting the possible instanton numbers. In other 
words, not all instanton numbers on are reproduced for a given matrix size A/", 
however they can be found by considering matrices of different size. This depends 
on the precise form of the constraint term in the action, which is hence seen to 
imply also certain topological constraints. 

Most of the results of the second part of this thesis have already been published 
in [14], together with Frank Meyer and Harold Steinacker. 
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The use of T*r-products made noncommutativity more accessible to physicists, 
as they can be applied very intuitively without reference to any strong (and com- 
plicated) mathematical background. We can still work with ordinary functions on 
ordinary commutative space-time, introducing the noncommutativity through the 
★-product. The T*r-product reproduces the ordinary pointwise product to zeroth 
order in some deformation parameter, the higher orders are differential operators 
acting on the functions and produce the noncommutativity. Therefore, ^-products 
are a very convenient tool for deforming commutative theories. The naive pre- 
scription for constructing noncommutative theories would then be to take the 
commutative theory and replace ordinary multiplication by T*r-multiplication. As 
the deformation depends on a parameter, we can get back the commutative theory 
by letting it go to zero. Corrections to the commutative theory can be calculated 
order by order. 

As we will see, this simple prescription works surprisingly well in the canonical 
case where the commutator of two coordinates is a constant. This is mainly due to 
the fact that in this case the ★-product still behaves very much like the commuta- 
tive product with respect to differentiation and integration. But if we go to more 
complicated structures, this is no longer the case. Derivatives acquire a deformed 
Leibniz rule and ordinary integration no longer has the trace property. There- 
fore, the recipe of just replacing ordinary multiplication with ★-multiplication no 
longer works. In order to nevertheless construct noncommutative gauge theory 
on these more complicated spaces, it will be necessary to first have a closer look 
especially at the behavior of the derivatives. We will be able to identify objects 
that still have an undeformed Leibniz rule (we will call them derivations of the 
★-product algebra), using them as building blocks for gauge theory. By linking 
them to frames on a curved spacetime, we can also make sense of the measure 
function we have to introduce in order to make integration cyclic again. 
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Chapter 2 

The canonical case 



Noncommutative gauge theory in the canonical case, where the commutator of 
two coordinates is a constant, has been studied extensively in the last few years 
(see e.g. [37. 98] for reviews), mainly due to its appearance in string theory [95]. It 
would be beyond the scope of this thesis to review all the aspects of this fascinating 
field, so we will have to concentrate on what will be important for going beyond 
the canonical case in the chapters to follow. We will start with the most commonly 
used T*r-product for the canonical case, the Moyal-Weyl T*r-product. Only the most 
important features of this ^-product will be presented here, but we will come back 
to it at the beginning of chapter 3 with a more detailed analysis. After a quick 
look at commutative gauge theory, an introduction into how noncommutative 
gauge theory can be formulated with the help of this ^-product is given. This 
introduction will mainly follow the approach developed here in Munich [78, 64, 
63, 18] using Seiberg-Witten maps. Finally we will present the noncommutative 
observables found in [31, 48, 59], as we will be able to generalize them later on in 
chapter 6. 



2.1 The Moyal-Weyl ★-product 

In the canonical case, the noncommutative coordinates fulfill commutation rela- 
tions 

[x\ff] = ie'^ (2.1) 

with the constant noncommutativity parameter ^ € M. The noncommutative 
algebra generated by the noncommutative coordinates can be represented on the 
space of functions on by introducing a noncommutative product, the Moyal- 
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Weyl^ ★-product [47, 87] 

fi.g^m- e^''''^^'^f ®g^fg+ '-O'^d^fd^g + 0(2), (2.2) 
with m ■ {f ® g) = fg and 9%= The product is associative, as 



{fi.g)i.h = m-e^^ ^'=^^'(m-et^"'^'^^^/®^)®/i (2.3) 
= m-m - ef ^'''(^fe®i®^'+i®^fe®'5')et'^'''''®'5j®i f ® g®h 

= m • e5^"'^'^^^ (/ (m • e^^"^^^^'^ ® /i)) 

and obviously reproduces (2.1). Furthermore, as 9 is antisymmetric, usual com- 
plex conjugation is still an involution 

JT-g = m- e-i'''^^^'q®g = g^J (2.4) 

and integration has the trace property 

j d^xf*g = J d'^xg^f, (2.5) 

if the functions / and g vanish sufficiently fast at infinity (of course f * g has to 
be integrable in the first place). 

Differentiation on this space is an inner operation, i.e. we have 

ie^'^'d, = [xf", •], (2.6) 

which can easily be calculated from (2.2). This also means that the derivatives 
still have the usual Leibniz rule, i.e. we have 

m^g)=dj*g + f^d,g. (2.7) 

2.2 Commutative gauge theory 

Let us now recall some properties of a general commutative gauge theory. A 
non-abelian gauge theory is based on a Lie group with Lie algebra 

[T", T^] = i /"^T^ (2.8) 



^actually, Groenewold-Moyal ★-product would be the more appropriate name, as Groenewold 
was the first to introduce the ★-product in [47], but to avoid misunderstandings, we will never- 
theless stick to the term usually used in the literature. 
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Matter fields transform under a Lie algebra valued infinitesimal parameter 

A = A„r" (2.9) 
in the fundamental representation as 

5\ip — iXip. 

It follows that 

(<^A<5? - WV' = %,A]V'- (2.10) 

The commutator of two consecutive infinitesimal gauge transformation closes into 
an infinitesimal gauge transformation. As differentiation isn't a covariant oper- 
ation, a Lie algebra valued gauge potential Oj = Om^^" is introduced with the 
transformation property 

5xai = di\ + i[X,ai]. (2.11) 
With this the covariant derivative of a field is 

Dill) ^ dill; -iaitl). (2.12) 

The field strength of the gauge potential is defined to be the commutator of two 
covariant derivatives 

fij = i[Di, Dj] = dittj - djtti - i[ai, aj]. (2.13) 

For nonabelian gauge theory, the field strength is not invariant under gauge trans- 
formations, but rather transforms covariantly, i.e. 

5xf^i[X,f]. (2.14) 

The same is true for the Lagrangian density /ij/'-'. In order to get a gauge 
invariant action, we have to use the trace over the representation of the gauge 
fields. As the trace is cyclic, the commutator with the gauge parameter vanishes 
and the action 

j dx'^trfijP (2.15) 

becomes invariant. 



2.3 Noncommutative gauge theory 

To do noncommutative gauge theory in the ^-product approach, we can simply 
mimic the commutative construction, replacing the ordinary pointwise product 
with the ^-product. 
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Fields should now transform as 

5A*=iA**. (2.16) 

The commutator of two such gauge transformations should again be a gauge 
transformation, i.e we want 

(Ms-MA)* = %tA]*> (2-17) 

which is only possible for gauge groups U{N), as for A = AaT" and S = SaT" 
the commutator 

[S t A] = ^[5„ t A^>]{^^ T'} + 1{5„ - A,}[r«, T'] (2.18) 

will only close into the Lie algebra for u{N) in the fundamental representation. 
But general gauge groups can be implemented by using Seiberg-Witten maps (see 
chapter 2.4). 

As coordinates do not transform under gauge transformations, multiplication 
from the left with coordinates no longer is a covariant operation, i.e. 

5A(xi**) = Xi*A** 7^ A*Xj**. (2.19) 

This is very much like the situation in commutative gauge theory, where acting 
with a derivative from the left isn't a covariant operation. Following the procedure 
there, we introduce covariant coordinates by adding a gauge field Ai as 

X'^x' + e'^Aj. (2.20) 

To make the X^ covariant, i.e. S^X^ = i[A * X^], the gauge field has to transform 
as 

Sa{0'^Aj) = -i[x' * A] + i[A * e'^Aj] (2.21) 

and therefore 

5KAi^diK + i[K* Ail (2-22) 

in exact analogy to the commutative case. The commutator with the coordinate 
produces the derivative on the gauge parameter, as [x* * f] — i9^Wjf. More 
generally we can introduce a covariantizer D that applied to a function / renders 
it covariant [65] 

6A{D{f))=t[A*D{f)]. (2.23) 

We can now go on to formulate noncommutative gauge theory much in the 
same way as we formulated commutative gauge theory. 
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The covariant derivative Di can be introduced as 

= - iAi ★ (2.24) 

the field strength as 

Fij = i[Di t Dj] = diAj - djAi - i[Ai t Aj]. (2.25) 

The relation to the covariant coordinates subsists at this level with 

-i{[X' t - iO'^) = e'^e^^Fki. (2.26) 

For nondegenerate 6, the two descriptions - either at the level of covariant coor- 
dinates or covariant derivatives - are clearly equivalent. 

In noncommutative gauge theory, the field strength F is not gauge invari- 
ant, even for gauge group U{1). It rather transforms covariantly under gauge 
transformations, i.e. 

5a{F^. * Fn = «[A 1 * F'^l- (2.27) 

Therefore even Abelian noncommutative gauge theory looks more like nonabelian 
gauge theory. But just inserting a trace over the representation of the gauge 
group no longer guarantees gauge invariance. To get gauge invariant expressions, 
we have to use the trace property of the integral. If we set the action for non- 
commutative gauge theory as 

S ^ J d^'xtrF^^i.F^"', (2.28) 

this expression will transform as 

dj,S = i J d"x tr [A t F^^ * F^'^] = 0, (2.29) 

because the cyclicity of the integral annihilates the T*r-part of the commutator, 
and the cyclicity of the trace annihilates the nonabelian part. This means that 
we cannot separate the trace over the representation of the gauge group and the 
integration as in the commutative case, we need both to get a gauge invariant 
action. 



2.4 The Seiberg-Witten map 

Up to now, we could only do noncommutative gauge theory for gauge groups U{n) 
because of (2.18). We will now show how to implement general gauge groups by 
using Seiberg-Witten maps [95, 64]. 
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As we have seen, the commutator of two noncommutative gauge transforma- 
tions no longer closes into the Lie algebra for general gauge groups. The noncom- 
mutative gauge parameter and the noncommutative gauge potential will therefore 
have to be enveloping algebra valued. In principle, this should mean that we are 
left with infinitely many degrees of freedom. But the enveloping algebra valued 
parameters will only depend on their commutative counterparts, therefore pre- 
serving the right number of degrees of freedom. These Seiberg-Witten maps A, 
^ and A are now functionals of their classical counterparts and additionally of 
the gauge potential a. 

They will transform as 

5a*vN =^AaH**vN (2-30) 

and 

5xAi[a] = diAxla] + i[Ax[a\ * A[a]]. (2.31) 
The covariantizer D[a] will now transform as 

5x{D[a](f)) ^ i[AM 1 D[a](f)]- (2-32) 

Their dependence on the commutative fields is given by the requirement that 
their noncommutative transformation properties should be induced by the com- 
mutative ones (2.9) and (2.11) like 

Ai[a] + SxAi[a] = Ai[a + Sxa], (2.33) 
Aa [a] + S^Ax [a] = Ax[a + S^a] . 

This means that it doesn't matter if we transform the noncommutative fields 
under the noncommutative gauge transformations or if we transform the commu- 
tative fields they depend on under commutative gauge transformations. This is 
why we do not differentiate in our notation between commutative and noncom- 
mutative gauge transformations, using 5x — ^Axia]- Additionally, to zeroth order 
in the deformation parameter, the noncommutative fields should be equal to their 
commutative counterparts, i.e. 

Ai[a] = ai + 0{e), (2.34) 
Ax[a] = X + 0{e). 



The SW-maps (Seiberg-Witten maps) can be found order by order in the 
deformation parameter. Alternatively they can be calculated via a consistency 
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condition. Although the gauge transformations do not have to close into the 
Lie algebra, there is still the requirement that the commutator of two Seiberg- 
Witten gauge transformations (2.30) should again be a Seiberg-Witten gauge 
transformation (2.30), i.e. 

(5x5^ - 5^5x)^ = (2.35) 

Written out this means that 

-i6^Ax[a] + i^AA^H + [AaH 1 A? [a]] = iK[c,x][a]. (2.36) 

This consistency condition for the the SW-map of the gauge parameter can be 
solved order by order. Then the solutions can be used to calculate the other 
SW-maps by inserting them into (2.33) and using (2.34). 

There are also methods for constructing the SW-maps to all orders [65, 66, 90], 
which we will discuss later in chapters 5.3 and 6.2, where we extend them to more 
complicated ^-products. 

2.5 Observables 

One characteristic property of noncommutative gauge theory is the fact that there 
are no local observables. As the gauge group of noncommutative gauge theory 
also comprises translations in space, gauge invariant quantities (such as observ- 
ables) cannot be local fields. But nevertheless observables can be constructed by 
integrating over special Wilson lines [31, 48, 59], which can be interpreted as the 
Fourier transform of a Wilson line with fixed momentum. Unlike the commuta- 
tive case, where closed Wilson lines are gauge invariant, these noncommutative 
Wilson lines do not quite close. The gap between the endpoints is related to the 
momentum via the parameter of the noncommutativity. To see this, we will first 
present finite expressions for noncommutative gauge theory. 

2.5.1 Finite gauge transformations 

In a finite version of a noncommutative gauge theory, a scalar field should trans- 
form like 

<p' = 9^(j), (2.37) 
where is a function that is invertible with respect to the ★-product 

= = (2.38) 

Again, multiplication with a coordinate function is not covariant any more 

{x' ^ (j))' ^ x' (j)' . (2.39) 
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Just as in the infinitesimal formulation, covariant coordinates 

X\x) ^x' + e'^Aj{x) (2.40) 

can be introduced, transforming in the adjoint representation 

X'' ^ g X' g-\ (2.41) 

Now the product of a covariant coordinate with a field is again a field. In perfect 
analogy to the commutative case, the gauge field ^4* transforms as 

A" ^ig*dig-^ + g*A'*g-\ (2.42) 

This finite formulation of noncommutative gauge theory is equivalent to the in- 
finitesimal formulation presented before. For details on this equivalence, see [63]. 



2.5.2 Wilson lines 

Just think of a field transforming covariantly under a gauge transformation 
with gauge parameter A = lix\ The corresponding finite expression is 

0(a;) ^ e^'^"' ^ 0(a;'^) ^ e;'''"' = (j){x'' - IjO'^), (2.43) 

i.e. a translation by —IjO^^. This means that noncommutative gauge transfor- 
mations in fact contain translations in space! The ★ subscript on the exponential 
means that all the multiplications are done using the i^r-product. But it is a spe- 
cial property of the Moyal-Weyl ^^r-product that the T*r-exponential actually is the 
same as the ordinary one, i. e. we have ef'' — e^^\ which is why we will drop the 
★-subscript in the following. 

The fact that translations are gauge transformations can be used to construct 
noncommutative analogs of Wilson lines. Such a Wilson line 

Wi^e'^'^' -ke-'^'''' (2.44) 

has indeed the same transformation properties under a gauge transformation 

W[{x) = g{x)^Wi[x)^g-^{x - Ifi'^). (2.45) 

as a Wilson line starting at x and ending at a; — IQ. Here we only treat straight 
Wilson lines, but for the canonical case they can also be generalized to noncom- 
mutative Wilson lines with arbitrary paths [59, 31, 48]. 
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2.5.3 Observables 

As space translations are included in the noncommutative gauge transformations, 
no local observables can be constructed. One has to integrate over the whole space 
to get gauge invariant objects. For this it is useful to look at the Fourier transform 
of the Wilson lines (2.44) 

Wi{k)^ J rxWi{x)i.e''''''' (2.46) 

Under a gauge transformation, it transforms as 

Wi{ky = j (rxg{x)i<Wi{x)i<g-^{x-k9'^)i<e'^^''' (2.47) 

= j (Tx g{x) ★ Wi{x) ★ 6^^='^' ★ e-'^^'"' ★ g-\x - kO'^) ★ e^'^'^^' 

= j (Tx g{x) ★ Wi{x) ★ e^*^*^' ★ g-\x - kO'^ + ki9'^). 

This means that the so called open Wilson lines [59, 31, 48] defined as 

Ui = Wi{l) = j rxWi{x)^e''^''\ (2.48) 

are gauge invariant. Here, the momentum k of the Wilson line corresponds to 
its length = li9^^ via the parameter of the noncommutativity, i.e. — kiO^^ . 
Using (2.44), this is of course even more obvious 

Ui^ J (Tx Wi{x) ★ e^''^' = j rx e^''^' ★ e"^''^' ★ e^''^' = j (Tx e^''^\ (2.49) 

These open Wilson lines can even be generalized by inserting an arbitrary function 
/ of the covariant coordinates as 

J d^''xf{X)ice'^'^' (2.50) 

without spoiling the gauge invariance. 
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Chapter 3 
General ^-products 



We had introduced the Moyal-Weyl ^-product for the canonical case without 
explaining how it can be derived. In order to introduce the notion of T*r-products 
in general, we will first have a closer look at the canonical case again. Suppose 
we have a two-dimensional canonical algebra generated by the noncommutative 
coordinates x and y with relations 

[x,y]^-ie. (3.1) 

To represent this algebra on the space Coo(lR^), we will define an ordering pre- 
scription p by mapping monomials in the commutative variables x and y to the 
monomials in the noncommutative variables x and y with all the x on the left 
hand side and all the y on the right hand side 

p(a:"y"^) := x^y^- (3.2) 

This is called normal ordering. If we normal order a monomial, we get 

min{m,k) , ^ , , , 

h {m-i)\{k-i)f y ■ ^^-^^ 

If we multiply two such monomials and normal order the result, we therefore get 

min{m,k) . ^ 

p{xWlp{xW) = E ^r^TT^^'^'^V^"^-^ (3.4) 

min(m,k) ■ 

^ i\ {m - 1)\ {k - ^ ' 



As the vector space of the noncommutative polynomials of a certain degree has 
the same dimension as the vector space of the commutative polynomials of the 
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same degree, the ordering p can be inverted, giving 

mm(m,fe) , ^ ^ 

{iey 



i=0 

oo 



i=0 



Therefore get a new ^-product 



[x y )-kn[x y ). 



f^n9 = m- e'^'y^'^f ® g = p-\p{f)p{g)) (3.6) 

for the algebra (3.1) by applying the ordering prescription p on polynomial fimc- 
tions! Let's compare it to the Moyal-Weyl ★-product (2.2). For the algebra (3.1) 
this read 

/ ^ = m • ei^^^-®^--^"^®^-)/ ® g. (3.7) 
If we define a differential operator 

rj^^^-^ea^dy^ (3.8) 

we can calculate 

fi,^g = ^ . e3«(^«®^--&®f^)/ ^ (3.9) 

_ ^ . ^^e{dym+mdy)(d:c<2)l+mdx) ^i9dy(^dx ^-^e{dxdy(S)dxdy) J ^ g 

= e¥d^9y((e-'2e9-^y f) ★„ (e't^^^^^^)) 
= T-\{Tf)^^{Tg)) 
= T-'p-\pT{f)pT{g)). 

The two T*r-products are related by the differential operator T, and the Moyal- 
Weyl T*r-product can be expressed by an ordering prescription pT. The ordering 
actually corresponds to symmetric ordering, e.g. we have 

pT{xy) = p{e~^'^^^^yxy) = p{xy - -9) = xy - -9 (3.10) 
= xy-^[x,y\^^{xy + yx). 

This method of constructing ^-products by applying an ordering prescription is 
not limited to the canonical case. 
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3.1 Definition 

But before we have a look at more complicated ^-products, we will fist give an 
abstract definition. For this we will introduce a parameter h (which we think 
of as small) measuring the deformation, and express everything as formal power 
series in this parameter. 

A T*r-product on a manifold M is an associative C-linear product 

oo 

f^9-f9 + Y.^'B,{f,g), (3.11) 

i=l 

where the Bi are bidifferential operators acting on /, (yf e Coo(M)[[/i]]. From the 
associativity of the ★-product follows that the ★-commutator fulfills the Jacobi 
identity, i.e. 

[f^gl h]] + [gnh1 /]] + [hnf1 g]] = 0. (3.12) 
For the antisymmetric part tt of the first order term Bi, i.e. 

[/t^] = /i7r(/,^) + 0(2), (3.13) 

this means that it has to be a Poisson structure. Expressed in some local coordi- 
nates as TT = ^TT^^di A dj, this means that it has to fulfill 

n'WjTi''^ + Ti'^^djir^' + Ti^^djTr''' = 0. (3.14) 

Therefore for every ^-product, there is a Poisson structure related to it. On the 
other hand, if we start with some Poisson structure, we can always construct a 
corresponding ★-product [71], the formality ★-product we will present in chapter 
3.4. 



3.2 ★-products by operator ordering 

We will now show how to construct ★-products for associative algebras that are 
defined by commutator relations 

7^ : [x\x^]^ihc'^ (3.15) 

in the same way as we constructed the normal ordered ★-product in (3.6). More 
abstractly, such an algebra can be defined as 

^= C(^^...,x")[[/l]]/7^, (3.16) 

where we allow formal power series in the deformation parameter h. As we treat 
/i as a formal parameter, such an algebra always has the Poincare-Birkoff-Witt 
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property, i.e. the vector space of the noncommutative polynomials of a certain 
degree has the same dimension as if the coordinates were commutative. Especially 
this means that we can map the basis of the commutative algebra C[x^, x'"][[h]\ 
onto a basis of the noncommutative algebra A. Such an ordering prescription 

p:C[x^...,a;"][[/l]]^C(x^...,x")[[/^]]/7^ (3.17) 

is then an isomorphism of vector spaces. With it, we can introduce a ^-product 
as 

f*9 = p''(M.f)pi9)), (3.18) 

making the commutative algebra equipped with the ^ir-product isomorphic to the 
noncommutative algebra A. Two ordering prescriptions p and p' of the same 
algebra are always related by a similarity transformation T as p — p'T with 

oo 

T ^id + ^h%, (3.19) 

1=1 

where the 7] are differential operators. The corresponding ^-products ★ and 
are then related by 

f^9 = p-\p{f)p{9)) = T-'p'-\p'iTf)Tp'{Tg)) = T-\{T f) V {Tg)). (3.20) 



3.3 The Weyl-ordered ★-product 

In this chapter we will construct the Weyl-ordered ^-product of a general noncom- 
mutative algebra up to second order. Weyl-ordering means that we use totally 
symmetric ordering for the generators. We start with an algebra generated by N 
elements and relations 

[x\x^\^&\x), (3.21) 

where we have suppressed the explicit dependence of c" on a formal deformation 
parameter, but we will always assume that it is at least of order 1. For such an 
algebra we will calculate a ★-product up to second order. Let 

/(p) = j rxf{x)e'P^'' (3.22) 

be the Fourier transform of /. Then the W'eyl ordered operator associated to / 
is defined by 
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(see e. g. [78]) . Every monomial of coordinate functions is mapped to the 
corresponding Weyl ordered monomial of the algebra. We note that 

Vr(e*«^^') = e''^'*\ (3.24) 

The Weyl ordered ^-product is defined by the equation 

W{f^g) = WU)W{g). (3.25) 

If we insert the Fourier transforms of / and g we get 

(2^ J J^nfik)9iP) W-^[er^^^^^). (3.26) 

We are therefore able to write down the ^-product of the two functions if we know 
the form of the last expression. For this we expand it in terms of commutators. 
We use 

gigS ^ e^+^i?(i, B) (3.27) 

with 



R{A,B) = \^\\kB\ (3.28) 
- ^[i + 2^, [i, S]] + B\[A, B\ + 0(3). 

If we set A = —ikix'^ and B = —ipix\ the above-mentioned expression becomes 

^-i^g-ifeix'g-iftx'-) ^ ^3 29) 

~{-l){krn + 2prn){-lh){-ipj)W-\e-'^''^+''^^''[^^ 

+ ^i-ikrn)HPn)Hh)HPj)W-\e-'^''^+P'^^'[x^,X^^^^^ 
+ 0{3). 

If we assume that the commutators of the generators are written in Weyl ordered 
form 

c^J = W{d^), (3.30) 

we see that 

[x\ F]] = Wic"'^dic'^) + C(3), (3.31) 

[x"*, x'] = W[c!^''e^) + C(3). (3.32) 
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Further we can derive 



= W-'[w(^j I ^/(p)e-(^'+^'^)-' X (3.33) 



e-n.x'f{x) + ]^e-''i^''\-iqiy^d^f{x) + C»(2), 



using 



Putting all this together yields 

^-i^g-iM^g-iPii^) ^ e-^^'^'+P')^' (^1 + ^c*^(-iA;i)(-«Pj) (3.34) 
+ lc^''c'^{-ikm){-iPn){-iki){-ipj) 

o 

+ ^c-^aiC*^(-z)(A;„ -p^)(-zA;0(-zp,)) 
+ 0(3), 

and we can write down the Weyl ordered ★-product up to second order for an 
arbitrary algebra 

f*9 ^ fg+^c'^djdjg (3.35) 

+ ^c^'did^{dmddd,g - djd^djg) + 0(3). 
Let us collect some properties of the just calculated ★-product. First 

[x' t x^] = c'^ (3.36) 

is the Weyl ordered commutator of the algebra. Further, if there is a conjugation 
on the algebra and if we assume that the noncommutative coordinates are real 
= x\ then the Weyl ordered monomials are real, too. This is also true for the 
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monomials of the commutative coordinate functions. Therefore this T*r-product 
respects the ordinary complex conjugation 

7^^9*1. (3.37) 
On the level of the Poisson tensor this means 

c^=-c^^'. (3.38) 



3.4 The formality ★-product 

The Weyl-ordered ^kr-product of chapter (3.3) is very useful for explicit calculations, 
but these can only be done in a perturbative way order by order. Also, it is 
only known in general up to the second order we calculated here. For closed 
expressions and questions of existence, Kontsevich's formality ^-product [71] is 
the better choice. It is known to all orders and comes with a strong mathematical 
framework that can be used for further constructions. 

This mathematical framework, known as Kontsevich's formality map [71], is a 
very useful tool for studying the relations between Poisson tensors and ^-products. 
To make use of the formality map we first want to recall some definitions. A 
polyvector field is a skew-symmetric tensor in the sense of differential geometry. 
Every n-polyvector field a may locally be written as 

a^a''-'^di,A...Adi^. (3.39) 

We see that the space of polyvector fields can be endowed with a grading n. For 
polyvector fields there is a grading respecting bracket that in a natural way gener- 
alizes the Lie bracket [■ , ■]l of two vector fields, the Schouten-Xijenhuis bracket. 
For an exact definition see A. 1.1. If tt is a Poisson tensor, the Hamiltonian vector 
field Hf for a function / is 

Hf = [7rJ]s = -7T''dJd,. (3.40) 

Note that [7r,7r]5 = is the Jacobi identity of a Poisson tensor. 

On the other hand a n-polydifferential operator is a multilinear map that 
maps n functions to a function. For example, we may write a 1-polydifferential 
operator D as 

D{f) = Dof + D\d,f + Dp,d,f + .... (3.41) 

The ordinary multiplication ■ is a 2-differential operator. It maps two functions 
to one function. Again the number n is a grading on the space of polydifFerential 
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operators. Now the Gerstenhaber bracket [ • , • ]g is natural and respects the 
grading. For an exact definition see A. 1.2. 

The formality map is a collection of skew-symmetric multilinear maps C/„, 
n — 0, 1, . . ., that maps n polyvector fields to a m-differential operator. To 
be more specific let be polyvector fields of grade ki, . . . , kn. Then 

[/„(«!, . . . , an) is a polydilferential operator of grade 

m^2-2n + ^ki. (3.42) 

i 

In particular the map C/i is a map from a /c-vectorfield to a /c-differential operator. 
It is defined by 

U,{a''-'-d,, A ... A dJih, ...Jn) = a''-'-di,h • . . . ■ dUn- (3.43) 
The formality maps C/„ fulfill the formality condition [71, 7] 



Q'Ma,, ...,an) + l Yl J)Q'2{U\i\{cxi), U\j\{aj)) (3.44) 



2 

JUJ={l,...,n} 



j, . . . , i, . . . , . . . , n)Un-i{Q2{oii, aj), ai,...,ai,...,aj,..., an). 

The hats stand for omitted symbols, Q'i{T) = [T,/i] with /i being ordi- 
nary multiplication and Q2(Ti,T2) = (— l)'^l^^l~^^l^^l[Ti, T2]g with |Ts| being 
the degree of the polydifferential operator T^, i.e. the number of functions it 
is acting on. For polyvectorfields as"'^^^di^ A ... A 9^^. of degree kg we have 

g2(«i,a2) = -(-l)('=i-^)'=1a2,ai]5. 

For a bivectorfield tt we can now define a bidifferential operator 

* = ^-C/„(7r, ...,7r) (3.45) 



n 

n=0 



I.e. 



oo ^ 
n=0 

To see that the formality ^-product is associative, we first define the special map 

oo ^ 

^(Q')-I] (^_lA, ^n(Q:,7r, ...,7r). (3.47) 

n=l ^ 
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Using the formality condition (3.44) we calculate that 

K^]G = $([7r,7r]5), (3.48) 

where = means that the ^ir-product is associative. This follows from the 

fact that 71 is a Poisson tensor, i.e [vr Tr]^ = 0. Note that the definition (3.46) would 
be equally valid for general bivector fields n' , but the resulting product would 
cease to be associative. Nevertheless the non-associativity would be controlled by 
(3.48). 



3.5 The Jambor-Sykora ★-product 

The formality T*r-product of the last chapter is very useful for abstract proofs (and 
in fact we will use it for constructing a SW-map to all orders in chapter 5.3, but 
it is too complicated for explicit calculations. But for special cases where the 
Poisson structure can be expressed in terms of commuting vector fields, there is 
a ^-product that is both known to all orders and easy to handle in calculations, 
the Jambor-Sykora ★-product [62]. For commuting vectorfields X„ = X^di (i.e. 
[Xa, Xj,] — 0) and a constant matrix a the Jambor-Sykora ★-product reads 

/*,^ = m-e^"'^«^^^/®^, (3.49) 

where m-{f ®g) = fg. The constant matrix a can be written as cr = aas + Cs with 
(Tas antisymmetric and cr^ symmetric. There is an equivalence transformation 

p = e^^"'^"^'' (3.50) 

from the antisymmetric ★-product 

/★a.^^m-e^'^"^^"/®^ (3.51) 

to the full one (3.49) 

f*asg^p-\p{f)*aP{g)). (3.52) 

Note that for real vectorfields Xa and Uas imaginary, ordinary complex conjuga- 
tion is an involution of the antisymmetric ★-product, i.e. 



f^asQ^g^asf- (3.53) 

For the full ★-product we can pull back this property by p and the involution now 
is pp~^. On a function / this reads p{p~^{f)), and we have 



p(p-H/^a^)) = Pir^^asP^) (3.54) 
= p(p-l^ ★as P"\/) 



pip'^g) -^ap{p-^f )- 
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3.6 Traces 

For the Moyal-Weyl T*r-product, ordinary integration still had the trace property, 
i.e. it was invariant under cyclic permutations of the elements in the integrand. 
Unluckily, this is in general no longer the case for the more complicated T*r-products 
of this chapter. But the cyclicity of integration is crucial for turning gauge- 
covariant objects into gauge invariant ones. Therefore, we have to guarantee the 
trace property of the integral by introducing a measure function Q. For many 
★-products the trace may then be written as 

trf = J (f''xn{x)f{x). (3.55) 

Due to the cyclicity of the trace the measure function Q has to fulfill 

di{n0'^) = (3.56) 

which can easily be seen by using partial integration. If we take the Poisson 
structure 9''^ to be invertible, the inverse of the Pfaffian 

1 = Pf{e) = VdilM = ^_^nn-i.J'''' ■ ■ ■ d''"-'''" (3-57) 

is a solution to this equation. Unluckily, there is no such formula for ^-products 
whose Poisson structures are not invertible. 

If equation (3.56) is fulfilled, cyclicity is only guaranteed to first order. In 
principle we have to calculate higher orders of Q according to the ★-product 
chosen. Nevertheless there can always be found a ★-product so that a measure 
function fulfilling (3.56) guarantees cyclicity to all orders [38]. 

3.7 Example: ^^r-products for the z^- deformed plane 

We will exemplify the ideas of the last chapter by applying them to the algebra 
generated by x and y with commutation relations 

[x, y] — —iax. (3.58) 

This is the 2-dimensional version of what is known as K-deformed spacetime. The 
generalization to higher dimensions is straightforward. 

3.7.1 The Weyl-ordered ^-product 

The Poisson structure for this algebra quite obviously is 

{/, 9}p = -laxd^fdyQ + iadyfxd^g, (3.59) 
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and the Poisson tensor therefore 

= -iaxS'Ji + iaxSiSi. (3.60) 

As is linear in the coordinates, the Weyl-ordering of the expression doesn't 
play a role. Inserting (3.60) into (3.35) produces the Weyl-ordered ^-product up 
to second order for (3.58) 

id 

f*9 = f9-jx{d^fdyg-dyfd^g) (3.61) 



—x{d^dyfdyg + dyfd^dyg - d^fd^g - d^fd^g) + 0(3). 



3.7.2 The Jambor-Sykora ^-product 

If we choose vectorfields 

Xi — xdx and X2 — —ady (3.62) 
and cr = ( n n ) (^^^ "^^^^ [62]), the Jambor-Sykora ★-product (3.49) will re- 



^00^ 

produce the algebra (3.58). This ★-product corresponds to normal ordering. It 
reads 

/★,^ = m-e-'""^-®^«/®5, (3.63) 
while the antisymmetric ★-product (3.51) reads 

Notice that the antisymmetric ★-product differs (3.64) from the Weyl-ordered ★- 
product (3.61) at second order and therefore does not correspond to symmetric 
ordering. The equivalence transformation (3.52) between (3.63) and (3.64) is 
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Chapter 4 

Derivatives and Derivations 



We are now able to represent more complicated algebras on ordinary functions 
by using the T*r-products of the last chapter. But there is an important element 
still missing: derivatives. In the canonical case, we could just use the ordinary 
derivatives to construct noncommutative actions. This was unproblematic as the 
usual derivatives had an undeformed Leibniz rule, i.e. 

m*g) = dj^g + f^d,g. (4.1) 

But with more complicated ^-products, this is in general no longer the case. The 
derivatives do not only act on the functions, but also on the T*r-product, which 
now depends on the coordinates. Symbolically we can write 

di{f*g)^dj^g + f* dig + f{d,^)g, (4.2) 

where means that the derivative is acting on the bidifferential operator ★ 
represents. This additional term can already be seen at the level of the Poisson 
structure. Take e.g. the Poisson structure (3.59) of the K-deformed plane. The 
derivative dy in the y-direction does not act on it, so that we still have 

9y{f, g}p = {dyL g}p + {/, dyg}p, (4.3) 
but in the x-direction, things are different: 

dx{f,g}p = d:c{-iaxda;fdyg + iadyfxd^g) = {9^/, g}p + {/, ^^fflp + (4.4) 

for X 7^ 0. The same is true for derivatives acting on T^r-products: the usual Leibniz 
rule is deformed. For the antisymmetric ★-product on the «;-deformed plane, this 
deformed Leibniz rule reads 

dM^as g) = (dj) ^as (e-'^^'^g) + (e^"^^/) (d^g), (4.5) 
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see (4.36). Such derivatives with a deformed Leibniz rule can nevertheless be 
used to construct gauge theory [34, 33, 35], but it is far more involved than in the 
canonical case. Especially, the gauge fields associated to these derivatives become 
derivative valued (see also chapter 5.1.1). 

Here, we will pursue a different approach. As we saw in (4.3), the derivative 
in the ^/-direction did act on the Poisson structure as in the canonical case. And 
on the antisymmetric ★-product, its Leibniz rule is indeed undeformed, i.e 

dyif g) = (dyf) -kasg + f ★a^ (dyg), (4.6) 

see (4.35). Such a derivative can be gauged much in the same way as in the 
canonical case, leading to function valued gauge fields. But before we actually 
construct gauge theory in chapter (5), we will first have a closer look at objects 
that behave like dy did in our example, i.e we will be looking for vector fields 
that commute with the Poisson structure and how we can use them to get dif- 
ferential operators that have an undeformed Leibniz rule with the corresponding 
★-product. These differential operators with an undeformed Leibniz rule we will 
call derivations of the ^-product algebra. 

4.1 Derivations 

We will be able to identify derivations of ^-product algebras with what we call 
Poisson vector fields of the Poisson structure associated with the ^-product, i.e. 
vector fields X with 

X{f, g}, = {Xf, g}, + {/, Xg},. (4.7) 

If we locally write 

{f,g}p^Af,g)^^''dJdjg and X ^ X'd^, (4.8) 

this is equivalent to saying that the Schouten-Nijenhuis bracket (see A. 1.1) of the 
vector field X with the Poisson structure tt vanishes 

[X,7r]s = ^ X'^dkn'^ -n^'akX^ + 7r^''dkX\ (4.9) 

or that the vector field X commutes with the Poisson structure tt. If we have 
such a Poisson vector field X, we are looking for a differential operator Sx with 
the following property 

Sx{f^g) = Sxf^g + f^Sxg. (4.10) 

Such a map 5 from the vectorfields to the differential operators, which maps 
the derivations of the Poisson manifold T^M = {X e TM\[X,7t]s = 0} to the 
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derivations of the ★-product D^^M = {5 e -Dpo/yl [<5, = 0}, can be constructed 
both for the Weyl ordered ^-product (see 4.2), for the formality ★-product (see 
4.3 ) and the Jambor-Sykora ^-product (see 4.4). Here we want to investigate 
the general properties of such a map 5. For this we expand it on a local patch in 
terms of partial derivatives 

5x^5\di + 8'ldidj + ---. (4.11) 

Due to its property to be a derivation, 6x is completely determined by the first 
term ^^sr^i- This means that if the first term is zero, the other terms have to 
vanish, too. If further e is an arbitrary derivation of the ★-product, there must 
exist a vector field X^. such that 

5x^ = e. (4.12) 

If X, y e TttM, then is again a derivation of the ★-product and we can 

conclude that 

[5x,5y]=5^xy]., (4.13) 

where [X, F]* is a deformation of the ordinary Lie bracket of vector fields. Obvi- 
ously it is linear, skew-symmetric and fulfills the Jacobi identity. 

With the help of the map 5 and the deformed bracket [ • , • it is also possible 
to construct noncommutative forms over the derivations of the ★-product algebra, 
a formulation we will present in appendix A. 2. 

4.2 Derivations for the Weyl-ordered ^-product 

We now want to calculate the derivations 5x of the Weyl-ordered ★-product (3.35) 
from the derivations X of the Poisson structure up to second order. We assume 
that 5x can be expanded in the following way 

5x = X'd, + + Sfdid^dk + ■■■. (4.14) 

Expanding the equation 

5xU *g) = Sxif) ^g + f^5x{g) (4.15) 
order by order and using [X, c]5 = we find that 

5x = X'di-^c^'dkc'^didmX^did^ (4.16) 
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For [-,■]* we simply calculate [6x, Sy] and get 

[X,Yl = [X,Y]l (4.17) 

-^{c'%c'^didmXWidjY^ - c'%c'"'didmYWidjX^)dn 
+ ^{c%''^mX^dkdmdjY'' - c'''d"'didiY^dkdmdjX'')dn 

+0{3). 

4.3 Derivations for the formality ★-product 

We saw in chapter 3.4 that the formality ^-product can be constructed from the 
maps Un from the polyvectorfields to the polydifferential operators as 

^-^ nl 

n=Q 

With these maps, we can further define the special polydifferential operators 

oo ^ 

n=l ^ ' 

oo 

*(q;i,q;2) = — Tt/„(Q;i, aa, tt, . . . , tt). (4.20) 

n=2 ^ ' 

For X a vectorfield, we define 

^x = ^[X). (4.21) 

Using formula (3.42) we see that it is indeed a 1-differential operator. We will 
now use the formality condition (3.44) to have a closer look at its properties. 

For g a function and X and Y vectorfields, we see that ^(X, y) is a function 
and we go on to calculate 

{?>xAg = ^{\XMs). (4.22) 
[<^x,5Y]G + [*(^,n,*]G = hx,Y\s (4-23) 

+*([7r,y]5,X)-*([7r,X]5,y). 

If TT is a Poisson tensor, i. e. [tt, Tr]^ = and if X and Y are Poisson vector fields, 
i. e. [X,7r]5 = [F,7r]s = 0, the relations (4.22) and (4.23) become 

5x(/^(?) = 5x(/)^^? + /*5x(y), (4.24) 
{V>xM\-hx,Y\.){9) = [*(X,r)t^]. (4.25) 
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when evaluated on functions. We see that S really is the map we were looking for, 
i.e. it maps derivations of the Poisson structure to derivations of the associated 
formality ^-product. 

Additionally the map S preserves the bracket up to an inner derivation. This 
can be cast into the following form: 

[Sx, Sy] = S[x,YU (4-26) 

with 

[X, Yl = [X, Y]l + H^-i^^x,Y). (4.27) 

4.4 Derivations for the Jambor-Sykora ★-product 

While looking for derivatives for the Jambor-Sykora ^-products, we can confine 
ourselves to the antisymmetric case (3.51), as all the properties can be pulled 
back to the full one (3.49) via the equivalence transformation (3.52). 

In the framework of Kontsevich's formality T*r-product, we saw that we could 
construct a map from the vectorfields to the differential operators that maps 
derivations of the Poisson structure to derivations of the formality T*r-product to 
all orders. 

We will now look for such a map that maps derivations of the Poisson structure 

^ = l<sK^^ A Xid, (4.28) 

associated with the Jambor-Sykora ^-product to derivations of the antisymmetric 
Jambor-Sykora ^-product (3.51). As the vectorfields Xa commute with each other 
and (Jas is antisymmetric, (3.51) can be rewritten in terms of the Poisson structure 
as 

f^as9 = m(e'^2^^^^^®^^'^^ (/ ® g)) = m{e^f ® g)). (4.29) 

In this notation it is obvious that vectorfields commuting with the Poisson struc- 
ture (4.28) will be derivations of the ^-product (4.29) as well. This means that 
for vectorfields Y with 

[y,7r]5 = ^ [F®l + l^r,7r] = ^ Y{f,g}p^{Yf,g}p + {f,Yg}p 

we also have 

Yif^asg) = m((F®l + l®r)e-(/®(7)) (4.30) 
= m(e"(F®l + l®F)(/®^)) 

= Yf-kasg + f-^asYg. 
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We therefore do not get higher order terms, the map from the vectorfields to the 
differential operators is the inclusion. This also implies that the algebra of the 
vectorfields remains undeformed under quantization. 

For the coproduct of general vectorfields acting on the ^-product (3.51), we 
get a deformed Leibniz rule 

X{f*as9)^ (4.31) 

oo ^ 

n=0 

oo ^ 

n=0 

We can use the equivalence transformation (3.50) to pull back these structures 
to the full T*r-product (3.49). Note that the Poisson structure of the full :*r-product 
(3.49) only depends on the antisymmetric part of cr and therefore is (4.28), the 
same as for the antisymmetric T*r-product (3.51). 

A vectorfield Y commuting with the Poisson structure of the full ★-product 
(3.49) will be a derivation of the antisymmetric ^-product (3.51). We use (3.52) 
to get 

pYp-\f g) = {pYp-'f) ^ag + f^a ipYp-'g) (4.32) 

from 

Y{f g) = Yf g + f^as Yg. (4.33) 

The map 6x from the vectorfields to the differential operators for the full 
product (3.49) is therefore given by 

Sx = pXp-\ (4.34) 

The algebra of these deformed vectorfields is isomorphic to the algebra of the 
undeformed vectorfields. Also the coalgebra of the deformed vectorfields with re- 
spect to the full ★-product (3.49) is isomorphic to the coalgebra of the undeformed 
vectorfields with respect to the antisymmetric ^-product (3.51). 

4.5 Example: Derivatives and Derivations for the 
Av- deformed plane 

We will now exemplify the ideas of this chapter by applying them to the re- 
deformed plane we already studied in chapter 3.7. We will now concentrate on 
the Jambor-Sykora ^-products, where the basic mechanisms at work can be best 
seen. 



4 Derivatives and Derivations 



41 



4.5.1 The antisymmetric case 

For the antisymmetric T*r-product (3.64), the vectorfields are undeformed, but they 
may acquire nontrivial coproducts (4.31). The derivative in the y-direction com- 
mutes with the Poisson structure and is therefore a derivation of the ^-product: 

dyif -^as g) = (dyf) -kas9 + f -^as {dyQ). (4.35) 

But the derivative in the x-direction does not commute with the Poisson structure 
and has a deformed Leibniz rule: 

d^^as g) = m) *as {e-i^'^yg) + (e^^-/) ^as {d^g). (4.36) 

Multiplication from the left with a function (without ^-multiplication) also ac- 
quires a derivative quality: 

y{f *as g) = {yf) *as g - ^af -k^s {xd^g) (4.37) 

= / -^as (yg) + ^a{xdxf ) -kas g 

and 

xif^asg) = (a;/)^„,(e^^^^7) (4.38) 
= (e-t«^^/)*„,(a;^). 

This also implies the following relations 

(xf) g = (e-^«^V) *as (xe-'^^'^g) (4.39) 

and 

(yf) ^asg^ f -^as {yg) + -axd^ (/ g) ■ (4.40) 

If we combine (4.36) and (4.38) to calculate the coproduct of xd^, we see that it 
is indeed a derivation of the ^-product, as expected. 

Xd:c{f -^as g) = {xd^f) *as g + f ^as (xd^cg) (4.41) 

For the other vectorfields linear in the coordinates we get 

xdyif *as g) = {xdyf) ^as [e^^'^'g) + (e-^"^^/) ^as {xdyg), (4.42) 

ydyif-kasg) = {ydyf)-kasg + f ->^as{ydyg) (4.43) 
-2^{9yf) {xd^g) + -a{xd^f) -ka^ {dyg) 

and 

ydM^asg) = {yd.f)^as{e-^^'^yg) + {ei^yf)^as{yda^g) (4.44) 
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4.5.2 The normal ordered case 

Of course we can switch to the ^-product (3.63) corresponding to normal ordering 
by using the transformation (3.65) 

The vectorfields are then mapped to the differential operators by applying (4.34). 
For the coordinates we get 

5y — pyp~^ — y — ^cixdx and 5x — pxp"^ — xe"^"'^'", (4.46) 

revealing the derivative nature of multiplication of coordinates from the left. The 
derivative in the y-direction stays undeformed 

Sa^^pdyp-'^dy, (4.47) 

the derivative in the x-direction becomes 

Sd^ = pd.p-' = ei'^^yd,. (4.48) 

We can combine (4.46) and (4.48) to give 

Sxda: = pxdxp~^ = pxp~^pdxp~^ = xdx. (4.49) 

Note that the deformation 5 acts trivially on xd^^ as it does commute with p. For 
the other vectorfields linear in the coordinates we get from (4.46,4.47,4.48) 

5xdy = xdye--^"^^, 

Sydy = ydy - -axd^dy, (4.50) 



U = yd^e^^'^'^-'-axdy^'^'y. 
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Gauge theory on curved NC spaces 



One hope associated with the application of noncommutative geometry in physics 
is a better description of quantized gravity. At least it should be possible to 
construct effective actions where traces of this unknown theory remain. If one 
believes that quantum gravity is in a sense a quantum field theory, then its ob- 
servables are operators on a Hilbert space and therefore elements of an algebra. 
Some properties of this algebra should be reflected in the noncommutative geom- 
etry the effective actions are constructed on. As the noncommutativity should 
be induced by background gravitational fields, the classical limit of the effective 
actions should reduce to actions on curved spacetimes [75, 29]. 

In the canonical case, the gauge theory reduces in the commutative limit to a 
theory on flat spacetime. Therefore it is necessary to develop concepts working 
with more general algebras, since one would expect that curved backgrounds 
are related to algebras with nonconstant commutation relations. We will use 
the derivations of ^-product algebras we studied in chapter 4 to build covariant 
derivatives for noncommutative gauge theory. We will be able to write down a 
noncommutative action by linking these derivations to a frame field induced by a 
nonconstant metric. In the commutative limit, this action reduces to gauge theory 
on a curved manifold. As an example we will again study K-deformed spacetime, 
where the action reduces in the commutative limit to scalar electrodynamics on 
a manifold with constant curvature. 

We will also introduce Seiberg-Witten maps to do noncommutative gauge 
theory with arbitrary gauge groups. A proof of the existence of the Seiberg- 
Witten-map for an Abelian gauge potential will be given for the formality -k- 
product. We will also give explicit formulas for the Weyl ordered ^-product up 
to second order. 
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5.1 The general formalism 
5.1.1 Noncommutative gauge theory 

To do gauge theory on the noncommutative spaces equipped with the more com- 
plicated T*r-products of chapter 3, we will try to follow the formalism of the canon- 
ical much as possible. 

Fields in the fundamental representation will again transform as 

(5A*=iA**. (5.1) 

The commutator of two such gauge transformations should again be a gauge 
transformation, i.e we again want 

((5Afe-MA)* = %*Al*. (5-2) 

As in the canonical case, this is only possible for gauge groups U{N). The first 
difference to the canonical case occurs when we look at the transformation prop- 
erties of a derivative 

5x(di^) = di(iA ★ = i(diA) * * + iA ★ (9^*) + iA(9i*)*. (5.3) 

The additional term iAldi-k)"^ is in general no longer zero, corresponding to a 
nontrivial coproduct of the derivative. If we now want to add a gauge field Ai to 
the derivative to make it gauge invariant, i.e. 

= di"^ - iAi ^ ^, (5.4) 

the transformation properties of also have to offset this new term to get 

5a(A*) =«A*A*- (5.5) 

From this we get 

5a(A)** = 9iA**+i[At A]** + A(9i*)*, (5.6) 

which means that the gauge potential can no longer be a function, it has to be 
derivative valued. To see this better, we take as an example the ^-product (3.64) 
for the K-deformed plane. The above formula then reads 

5A(^.)^a.* = (9,A)^,,(e"^^-^) (5.7) 

To offset the terms coming from the deformed Leibniz rule for (where additional 
derivatives act on the right hand side) , the gauge field A^ has to become derivative 
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valued. Gauge theory using such derivative valued gauge fields was constructed 
in [34, 33, 35], but we will try a difi^erent approach here. 

We saw in chapter 2.3 that there is a difi^erent formulation for noncommutative 
gauge theory in terms of covariant coordinates. So let us see what happens if we 
try to gauge the coordinates with a more complicated ★-product. We want to 
have 

5A{Xi ★ ^) = 5A{{xi + Ai) ★ ^) = iA ★ ★ (5.8) 
Therefore the gauge field has to transform as 

5AAi^i[A*Xi]+i[A*Ai]. (5.9) 

This means that A^ is still a function, because the commutator with a coordinate 
of course has an undeformed Leibniz rule. But there is a problem with this Ansatz: 
the gauge field A^ vanishes in the commutative Jimit. In the canonical case, this 
could be solved by defining a new field {O^^Y^Aj, but this is no longer possible 
as the now coordinate dependent would spoil the transformation properties 
of the new object. 

This is why we introduced derivations 6x in chapter 4. They do have both an 
undeformed Leibniz rule and a nonvanishing commutative limit. So we introduce 
covariant derivations as 

Dx^Sx-iAx, (5.10) 
where X is a Poisson vector field. The gauge field Ax will transform as 

6AAx = dxA + i[A^ Ax]. (5.11) 

Then, a field strength Fx,y can be defined as 

- iFx,Y = [Dx 1 Dy] - D^x,YU, (5.12) 

the properties of D and [ • , • making sure that the field strength is function- 
valued and transforms covariantly^. 

^This can also be expressed in the language of the noncommutative forms introduced in 
appendix A. 2. Ax is the connection one form evaluated on the vector field X. It transforms 
like 

5aA = 5A + iAAA-iAAA. (5.13) 
The covariant derivative of a field is now 

= 5^ -iAA<i/, (5.14) 

and the field strength becomes 



F = DA = SA-iAAA. 



(5.15) 



46 



5 Gauge theory on curved NC spaces 



5.1.2 Seiberg-Witten gauge theory 

Up to now, we could only do noncommutative gauge theory for gauge groups U (n), 
just as in the canonical case. We will now show how to implement the concept of 
Seiberg-Witten maps [95, 64] into our new setting of covariant derivations to be 
able to do gauge theory for general gauge groups. 

Just as in the canonical case, the Seiberg-Witten maps for the fields will have 
to be enveloping algebra valued, but they will only depend on their commutative 
counterparts, therefore preserving the right number of degrees of freedom. Again 
we demand that their noncommutative transformation properties are determined 
by the transformation properties of the commutative fields they depend on. 

Therefore the fields again transform as [63] 

Sa'^^ia] = iAa[a] ★ ^^W, (5.17) 

leading to the same consistency condition for the gauge parameter 

iSaAf) - iSpAa + [Aa 1 A/?] = iA-i[a,/3]- (5.18) 

The transformation law for the covariantizer is now 

Sa{D[a]{f))=z[A^[a]^D[a]{f)]. (5.19) 

The Seiberg-Witten-map can be easily extended to the derivations Sx of the 
product. The noncommutative covariant derivation -Dx[a] can be written with 
the help of a noncommutative gauge potential now depending both on the 

commutative gauge potential a and the Poisson vectorfield X 

Dx[a]*vN = <^x*vN - i^x[a] * *v,[a]. (5.20) 

It follows that the gauge potential has to transform like 

5aAx[a] = 5xA^[a] + i[A„[a] * Ax[a]]. (5.21) 

We will give explicit formulas for the Seiberg-Witten maps in chapters 5.2 and 
5.3. 

One easily can show that the field strength is a covariant constant 



DF = 6F -iAAF = 0. 



(5.16) 
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5.1.3 Commutative actions with the frame formahsm 

To link the noncommutative constructions of the last chapters with commutative 
gauge theory, we first want to recall some aspects of classical dilferential geometry. 
Suppose we are working on a n-dimensional manifold M with metric (yf^i/. Then 
there are locally n derivatives which form a basis of the tangent space TM of 
the manifold. We can always make a local basis transformation to a frame (or 
"non-coordinate basis") 

ea = e/(x)9^, (5.22) 
(with ea^{x) invertible, i.e. e^'^e"^ = 5^) where the metric is constant 

r]ah = e/eb'^gr^^. (5.23) 

Since forms are dual to vector fields, they may be evaluated on the frame. For 
the gauge field we get 

aa = a(e„), (5.24) 

leading to the covariant derivate 

Dai^ = (DV^)(e„) = Cai^ - ittaiJ. (5.25) 

The field strength becomes 

fab = i[Da, Db] - iD{[ea, eb\) = e^afe - ebUa - a([e„, e^]) - i[aa, a^]. (5.26) 

Locally this means that 

aa = ea%, Dail] = ea^D^ and fab = ea'^Cb" ff,^.. (5.27) 

Using these definitions, the action for gauge theory on a curved manifold can be 
written in the two different bases as 

S^-\j d^x ,/dv''V'facfbd v^^'^'^/Vmp/.., (5.28) 

where 

^ = ^Jd^t{^ = ^det(eVe^77„b) = det e% (5.29) 
is the measure function induced by the metric. 
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5.1.4 Gauge theory on curved noncommutative spacetime 

In order to formulate gauge theory on a curved noncommutative spacetime, we 
need a frame and a Poisson structure { • , • }p = TT^^d^ A d^, that are compatible 
with each other. Compatibility means that the frame Ca commutes with the 
Poisson structure { • , • }p, i.e. 

ea{/, g}p = {eaf, g}p + {/, eagjp, (5.30) 

and that the measure function ^ induced by the metric g/^i, — e^f^e^^Vab is also 
a measure function for the Poisson manifold, i.e. that we have 

We will call the ^-product algebra generated by quantizing such a Poisson struc- 
ture a curved noncommutative space, as the gauge theory we will define on it in 
this chapter will reduce to gauge theory on a curved manifold in the commutative 
limit. In appendix A. 3 we will propose a method how to find frames commuting 
with the Poisson structure in the context of quantum spaces. How to find Poisson 
structures compatible with a given frame by a construction based on differential 
equations can be found in [97]. 

For the gauge theory, we saw in chapter 5.1.1 that we can define a covariant 
derivative of a field by using a derivation Sx 

Dx^^ = Sx^i,-iAx^'i^. (5.31) 

With this, a field strength could be defined as 

-iFx,Y = [Dx 1 Dy] - D^x,YU- (5-32) 

The properties of S. and [ • , • ]^ ensured that this really is a function and not a 
polydifferential operator. 

On a curved noncommutative space, we can quantize the frame Ca with the 
map 6 to get derivations of the ^-product. These we can use to define our covariant 
derivatives. The noncommutative covariant derivative (5.31) and field strength 
(5.32) evaluated on the frame then read 

Da^ = L>e„^ = 5e„$ - iA,^ ^ (5.33) 

-iFab = -iF,^,e, = [De^ 1 i^ej - ^[e^.e,].- (5.34) 

The field strength will transform covariantly under gauge transformations, i.e. we 
have 

dA{F)=i[A* F]. (5.35) 
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To make the action gauge invariant, the integral has to have the trace property, 
i.e. it has to be invariant under cyclic permutations. For this we need a measure 
function Q, which in our case will be the measure function induced by the metric 
plus possible higher orders in the noncommutativity (see also chapter 3.6), i.e. 
we will have 

n=^+0{l). (5.36) 
With this, we have a noncommuative gauge action 

c?"a;fi?7'^V'^ac*i^M. (5.37) 

that goes in the commutative limit 

v^^'^Wmp/.. (5.38) 

to gauge theory on a curved manifold. 



5.1.4.1 Scalars 

For the noncommutative version of a scalar Lagrangian 

77»^D„^A0 + ^200, (5.39) 

we also need an involution ~ of the ^-product, i.e. 

(7^ = ^*7- (5.40) 

To make the NC Lagrangian invariant under NC gauge transformations, the NC 
gauge parameter A and the NC gauge field Ax have to be invariant under this 
involution to get 

5a0 = (A*0) = 0* A = $ ★ A (5.41) 

and 

(Ax*0) = (5.42) 

For the Weyl-ordered ^-product, ordinary complex conjugation still is an involu- 
tion, and the hermiticity of the NC gauge parameter A and the NC gauge field Ax 
can be checked explicitly on the formulas of the Seiberg-Witten map in chapter 
5.2. 

Putting everything together, we therefore end up with an action 

5= f (rxQ{-^r]'''Y'^Fac*Fbd + ri''''Da'^^Db^-m'^'^i.^). (5.43) 
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that is invariant under noncommutative gauge transformations 

5aS = (5.44) 
and reduces in the commutative limit 

j d"xV^(-^^^V%p/.. + ^'^'^^M^^.0-m^#), (5.45) 

to scalar electrodynamics on a curved manifold. 

5.1.4.2 Spinors 

Even though it isn't clear how to define NC spinors on general curved spacetimes 
due to the nontrivial spin-connection, it should still be possible in two dimensions. 
There, the spin connection vanishes and the commutative spinor action can be 
written as 

Sspinor = \j d'^x^m^'^e^^id^ - lA^ + m)^. (5.46) 

Note that with the usual gamma-matrices {7", 7^} = 277"^ and = 7"e(j . we 
get {7^, — 2g^^ . The noncommutative version of (5.46) is easily constructed, 
and we get 

Sspinor d^xnm^^ide, - iAe^ + m) ★ * (5.47) 

with Ca — e-a^ij., which is invariant under NC gauge transformations and reduces 
in the commutative limit to (5.46). 

5.1.5 Example: A frame for K-deformed spacetime 

In this chapter we will construct a frame for the n-dimensional generalization 
of the K-deformed plane studied in chapters 3.7 and 4.5. The relations of this 
quantum space^ are 

[^,x^] = iax^ for i ^ 0, (5.48) 
with a a real number. The Poisson structure for this space is 

c^" = iax'S^6'{ - (5.49) 

^Compared to the two-dimensional example in (3.7) and (4.5), the coordinate corresponds 
to X and the coordinates a;* correspond to y. A Jambor-Sykora ★-product for the n-dimensional 
K-deformed space reads e.g. 
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The derivative in the a; -direction obviously commutes with this Poisson structure, 
and we can use it for the frame, setting cq'* = Sq. For the other directions, we see 

that pdi with p = \J^^j^^~{x^ commutes with the Poisson structure, as we have 
pdic"" ^ iapS^S^ - iapS^S^ and c'^'d^ipS^) ^ iapS^S^ (5.50) 

giving 

pdiY" - c''''d^p6'^ + d"'dap5'^ = 0. (5.51) 
For the frame, we can therefore take 

eo = do, (5.52) 
= pdi, 

leading to a commutative metric 

g = ((ia;°)2 + p-\{dx^)^ + ■■■ + (dx"-^)2). (5.53) 
We know that we can write 

{dx'f + ■■■ + {dx^'-y = dp^ + p^dnl_2, (5-54) 

where d,Q'^i^_2 is the metric of the n — 2 dimensional sphere. Therefore in this new 
coordinate system 

g = {dx°f + {dlnpf + dnl_2 (5.55) 

and we see that the commutative space is a cross product of a two dimensional 
Euclidean space and an — 2-sphere. Therefore it is a space of constant non- 
vanishing curvature. Further 

y/d^ = (5.56) 

is both the measure function on this curved space and it fulfills 

d^iy/d^c^''') = 0, (5.57) 

i.e. it also guarantees the cyclicity of the integral, see chapter 3.6. 

We have found a frame compatible with the Poisson structure of K-deformed 
spacetime and can therefore construct noncommutative gauge theory on this 
space. We will continue this example in chapter 5.2.6, where we will also have 
explicit formulas for the SW-maps, writing down an explicit action for the gauge 
theory. 
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5.2 Explicit formulas for the Seiberg-Witten map 



We will now present a consistent solution for the Seiberg-Witten-maps up to 
second order for the Weyl ordered ★-product and non-abelian gauge transforma- 
tions. The solutions have been chosen in such a way that they reproduce the ones 
obtained in [63] for the canonical case. 

For calculating the Seiberg-Witten maps, we will write the Weyl ordered 
product (3.35) expanded to second order as 

f*g^fg + f*ig + f*29 + 0{3) (5.58) 

with 

/★i5 = ic^W% (5.59) 

and 

/ *2 ^ = ic--c^^a^a,/a„a,-^ + Lc^^idic'^id^djdjg - djdmdjg). (5.60) 

5.2.1 The gauge parameter 

The gauge parameter is equally expanded as 

AM = Al[a] + Al[a] + Al[a] + 0(3) (5.61) 

The solution for the gauge transformations is obtained by solving the consistency 
condition (5.18) order by order. To zeroth order, we clearly have A° [a] = a. 
To first order, the consistency condition reads 

i5„Aj-i5^A^ + [a,Aj] + [A^,/3]-iA^[,,^] = -[a*^ (3] (5.62) 

A solution to this equation is 

Al[a]^-'-c'^{d,a,aj}. (5.63) 

Note that this solution is not unique. Especially, we could always add terms 
solving the homogeneous part of (5.62). 
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To second order, the consistency condition reads 

iS^Al - iSpAl + [a, A|] + [A^, /3] - iA^,^,^,,^ (5.64) 
= -[a AJ] - [A^ V P] - [AL AJ] - [« P] 
= —c^dra, a.Aj] - h^^[d.Al d,P] - [Al Aj] 

~c^^c'^[dmdia,dndjP] - ^c'^'dic'^([dmdia,djP] - 
Using the first order term (5.63), we calculate the second order term 

A'N = +^c'^c'''(^4{dia,{ak,diaj}}-2i[didka,djai] (5.65) 
+2[djai, [dia, a^]] - 2i[[aj, ai], [dia, aj] 
+i{dia, {ttk, [ttj, ai]}} + {aj, {o;, [dia, ak]}}^ 

^^c^^did^ [{dia, {afc, a^}} - 2i[didka, a^]^ . 

5.2.2 Fields in the fundamental representation 

In the same way a solution for the field ^ in the fundamental representation is 
obtained by solving equation (5.17). We expand it to second order as 



= *J[a] + %[a] + %[a] + 0(3). (5.66) 

the commutative field, i. e. ^^|^ 
equation (5.17) reads 



The zeroth order is the commutative field, i. e. ^SiH = '0- To first order, the 



- ia*i = fa V + iAlV = \<i'3,aa,^ + iKA (6.67) 



which is solved using (5.63) to give 

^ya] = (2iaidj^ + aittj^j^ . (5.68) 

To second order the equation (5.17) reads 

= ia ^2 + ^a + iA^ ^1 + iA^^J, + iA^ V; (5.69) 

= '-d^^'d^drndia, dndjjjj + ^c""' did^ {dmdiadjjjj - diadmdjt/j) 
o iz 



+ y^diadj% + y^diAld.ij + tAl% + zA>. 
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Using the solutions to first order (5.63) and (5.68), a solution 

= +^c'^c''^(4idiakdjdiilj-4aiakdjdiilj-8aidjakdiilj (5.70) 

^-Aaidkajdii) + Aiaiajakdiip - Aiakajaidiip 
+4:iajakaidi'il; — Adjakaidiil; + 2diakdjaiip 
—AiaiQidkajip — Aiaidkajaiip + AiaidjUkaiip 

—SaiGjaiakip — 4:aiakajaiip — 2aiaiakajifj 
-\--^c^^did^ (2iajdkdiip + 2idkaidjip + 2dkaiajip 
—Gkaidjip — SaiGkdjip — 2iajakaiip^ 
can be calculated for the second order term. 



5.2.3 The covariantizer 

The covariantizer is expanded as well as 

D[a]{f) = D'[a]{f) + D'[a]{f) + D'[a]{f) + 0{3). (5.71) 

We will now solve (5.19) order to order. To zeroth order, we take D to be the 
identity, i.e. D^[a]{f) = f. To first order (5.19) reads 

5aD\f)-i[a,D\f)] = i[a*,^ f] = '-d^[dia,djf], (5.72) 
having a solution 

D'[a]{f) = tc'^a,djf. (5.73) 
To second order we get for (5.19) 

5^D'{f)-i[a,D'(f)] = i[a%-f]+i[a*^D\f)] (5.74) 

+i[^l*^f]+i[AlD\f)] 

+^c"'%c'^{[dmdia,djf] - [dia,dmdjf]) 



with a solution 



D'[a]{f) = +^cV^(-2{a,,a,a,W + {a,,a,a,W (5.75) 
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+i{ai, [aj, ak]}dif - {a^, akjdjdifj 
+y%c^''{ai,ak}djf. 

5.2.4 The gauge field 

Finally we want to calculate a SW-map for the gauge potential Ax evaluated on 
a Poisson vector field X. Again we expand it as 

Ax[a\ = A'xia] + A],[a] + Al[a\ + 0{3). (5.76) 

Expanding the equation (5.21) as well, we see that to zeroth order it is solved by 
A^[a] = X^'Qn- To first order it reads 

5aA],-i[a,A],] = X'diAl + 6],a + t[a*,^ X''an]+i[AlX''an] (5.77) 
= X^diAl + '-c'^[d,a, a,(X"a„)] + z[A^, X"a„]. 

Using [X, c\s = 0, we can calculate a solution 

A],[a] = '-c''X^{ak, dia^ + fm} + '-c''%X^{ak, aj, (5.78) 

where fij = diaj — dja-i — i[ai, a,] is the commutative field strength. 
The equation to second order is 

5^A\-i[a,A\\ = X^9,A^ + 5iA^ + 5ia + iK,A^]+i[A^,XX] (5.79) 

+i[a *? X"a„] + i[a V A],] + i[Al *i X^^a^] 
= X%Al + 5'xAl + i[Al A],] + i[Al, X"a„]. 

+ '-c"'^d^[dmd,a,dndj{X^an)] 
o 

+_Lc-'a^c^^([a^9,«,9,(X"a„)] - [9,a,9^9,(X"a„)]) 

+ '-d^[d,a,djA\] + '-d^[d,Ald,{X-a^)] 

-^c'^dkd^didmX^did^a + ^/^d^didiXW^dmdja 
12 24 

The second order solution for the NC gauge potential is 

^xH = +^c'''-d^X'' ( - Ai[dkd.,an, dia^] + 2i[dkdna^, dia^] (5.80) 
-4{afc, {tti, djfin}} - 2[[dkai, an], diaj] + 4{a/a„, {dittk, %}} 
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-4{afc, {fii, fjn}} + i{dnaj, {ai, [a^, ak]}} 
+i{ai, {ak, [dnaj, ai]}} ~ Ai[[ai, ai], [a^, ^/ij] 
+2i[[ai, ai], [a^, dnaj]] + {a^, {a^, [a/, [aj, a„]]}} 

-{dk, {[di, di], [aj, an]}} - [[di, ai], [ak, a„]]]^ 

+^c'''c'^djX''(2i[dkai, dian] + 2i[diak, 9,a„] 

+2i[diak, dittn - dnai] + 4{a„, {ai, dkai}} 
+4:{dk, {ai, dndi - dian}} - 2i{ak, {ai, [a„, ai]}} 

+i{di, {ai, [an, ak]}} + i{a„, {ai, [a^, ak]}}^ 
+^c''^d^didjX''(didkan - 2i[ai, dkdn] - {a„, {a^, a^}}^ 
+^c'''did'X^ (^2z[a,-, afe^ian] + 2t[dkai, fjn] 

-{djdn, {dk, di}} + 2{ai, {ak, fnj}}^ 
^^c^^did^djX"^ ( - 4i[ai, dkdn] + 2i[ak, S^aJ - {a^, {a^, aj}}) 
-Ic'^'^iC^^^.-^fcX^a.a^ + 0(3). 

5.2.5 Field strength, covariant derivative and action 

We will now use the Seiberg-Witten maps of the preceding chapters to calculate 
actions for noncommutative gauge theory to first order. We start with calculating 
the field strength (5.32). It is 

F,,^F{X,,X,) = [Dx^*,Dx,\-Dyx^,x,]. (5.81) 
= X^Xlfki + '-c^o^r. d^Xlxifki)} 

+ '-d^X',Xi{fji, fk^} + \e^xlx\{ai, + 0(2). 

The covariant derivative is 

Da^ = Dx^^ = Sx^<^-^Ax^*<l> (5.82) 
= X'^Dkcl>+'-X'jkic'Wjcl> 

+ '-d'a,d,{XlDk(P) + ^-e^a^a.X'^Dkct) + 0(2). 

Using partial integration and the trace property of the integral, i.e. dfj^iVLc^") — 0, 
we can calculate 



5 Gauge theory on curved NC spaces 



57 



1^ gauge 



j d^xQjy^V'^ac^i^bd (5.83) 



i 1 

4' 



+-c^^X^X:X^X^Af,u, - -rd^X^X^X^X^AU^a,, f,,aj] 



~-e^x^x::x^x^[aj,.,ajU + -d^xi:x:;x'^x^{f,^,{f,,,f,,}} 

+0(2), 

where we haven't done the trace over the gauge representation jet. Doing this 
now, the action for the gauge particles is 

^ gauge — '^'^i,^ gauge) (5.84) 

d^xnr)^\^X^,X^,X^,X^,i^- \tT{f,J,,) 

-ynrif^.fM - '-dHrif,J,J^)) + 0{2). 
With c*^' = -d^ we get 

= J (rxnr]''^'D^i.D^^ (5.85) 

= j (rxnr^^'{xix^D;;4>D.(t> 



^scalar 



^iix^XlD.ct^U^D^c^) + 0(2) 



for the scalar fields. 



5.2.6 Example: A NC action on /c-deformed spacetime 

Now we continue our example from chapter 5.1.5. There, we had already con- 
structed a frame 

e'o = Si;, (5.86) 

< = p5f (5.87) 



58 



5 Gauge theory on curved NC spaces 



with p = \J XiX' compatible with the Poisson structure 

c'"' = iaS^S'^x' - ia5'^5'^x\ (5.88) 
These we can plug into our solution of the Seiberg-Witten map and get 

AaH = a + ^x'{c^oA, ai] - '^x'{di\ a^} + O(a^), 

$0[a] = - ^a;*ao9i0+ ^x*ai9o0 + ^x*[ao, ai]0 + O(a^), 
Axq = ao - ^a;*{ao, diao + fio] + ^x*{ai, doao] + C(a^), (5.89) 

+^px*{aj, + foj} + O(a^), 

The measure function induced by the frame (5.86,5.87) was 

Q = = V^, (5.90) 

also guaranteeing the cyclicity of the integral. With this measure function the 
actions become 

Sgauge = -\ j d^x p'-'^v'^V^'TriMoj) (5.91) 
~ I d'x p'--r,''r,'^TriMij) 
-|/..,-.,oo,....(....^) 

ifd^xp^-^^WrifM.) 
-| J rxp'-^v''v''xPTr{f),{h„U}) + 0{a') 



+ - 



and 



Sscalar = J d^X p'-^TJ^^'D^DocP + J d^X p'-^v'^'Di^DiCf) (5.92) 

-| y d^xp'-^'q'^'x'D^fi^D4+\ j d^xp'-'^ri'^'x^D^^fiM 
~ J d-xp^--r,''x^fioDkct>+'^ j d-xp'-^rj'^x'D^fM 
-a J rxp^-^r]^'x'^foiDict> + 0{a^). 
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In the commutative limit a — > the action reduces to scalar electrodynamics on 
a manifold with constant curvature. 

5.3 Construction of the Seiberg-Witten maps to 
all orders 

For explicit calculations, the Weyl ordered T*r-product is the best choice, but it 
is only known to second order. For calculations to all orders, we can use the 
formality ^-product, which also comes with strong mathematical tools we can 
use for the construction of the Seiberg-Witten maps. We already saw how to 
construct derivations for the formality ^-product in chapter (4.3). We can use 
them to formulate NC gauge theory on any Poisson manifold. To relate the NC 
theory to commutative gauge theory, we need the Seiberg-Witten maps for the 
formality T>r-product. In [65] and [66] the SW maps for the NC gauge parameter 
and the covariantizer were already constructed to all orders in 9. We will extend 
the method developed there to the SW map for covariant derivations. 

5.3.1 Formality 

We saw in chapter 3.4 that the formality T*r-product can be constructed using the 
maps Un from the polyvectorfields to the polydifferential operators as 

oo ^ 

= ■■■'^)(/'^)- (5.93) 

n=0 

With these maps, we already introduced the special polydifferential operators 

oo ^ 

= TV}^n{a,T^, ■■■,T^), (5.94) 

n=l ^ ' 
oo ^ 

*(q;i,q;2) = -— [/„(Q;i,Q;2,7r, ...,7r) (5.95) 

n=2 

in chapter 4.3. For the construction of the Seiberg-Witten maps, we will need 
some additional relations, which we calculate using the formality condition (3.44). 

For g a function, X and Y vectorfields and tt and a bivectorfields we see that 
both ^{g) and ^(X, y) are functions and we go on to calculate 



K^]g = $([7r,7r]s), 
[$(/), = -$([/, 7r]5), 



(5.96) 
(5.97) 
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[Sx,Mg = H[X,n]s), (5.98) 
[6x,5Y]G + [^iX,Y),^]G = 6[x,Y]s (5.99) 

+^([7r,F]5,X)-^([7r,X]s,F), 
ma),^g)]G + [^{a,g),^]G = -^^^i, (5.100) 

-^{[n,g]s,a)-^{['K,a]s,g), 
[Sx,Hg)]G = <P{[X,g]s) (5.101) 
-^{[n,g]s,X)-^{[n,X]s,g). 

If TT is a Poisson tensor, i. e. [tt, Tr]^ = and if X and Y are Poisson vector fields, 
i. e. [X, 7r]5 = [5^, 7r]5 = 0, the relations (5.96) to (5.99) become 

f*{g*h) = {f*g)*h, (5.102) 

SH,{g) = -mf)1g], (5.103) 

Sxif^g) = Sx{f)*g + fi^Sx{g), (5.104) 

{[Sx,Sy]-5[x,y],){9) = [^iX,Y)*g] (5.105) 

when evaluated on functions. [ ■ , ■ ] are now ordinary commutator brackets. ★ 
defines an associative product, the Hamiltonian vector fields are mapped to inner 
derivations and Poisson vector fields are mapped to outer derivations of the 
product. 

5.3.2 Semi-classical construction 

We will first do the construction in the semi-classical limit, where the star com- 
mutator is replaced by the Poisson bracket. As in [65] and [66], we define, with 
the help of the Poisson tensor 9 = \9^^dk A di 

de^-[,e\ (5.106) 

and (locally) 

ae = e'^ajdi. (5.107) 

Note that the bracket used in the definition of (Iq is not the Schouten-Nijenhuis 
bracket (A. 1.1). For polyvectorfields tti and 7r2 it is 

[7ri,7r2] = -[7r2,7ri]5, (5.108) 

giving an extra minus sign for tti and 7r2 both even (see B.2.2). Especially, we get 
for de acting on a function g 

deg = -[g, 0] = [g, 9]s = 9^%gdk. (5.109) 
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Now a parameter t and it-dependent 9t = \0^^dk A di and Xt = X^dk are intro- 
duced, fulfilling 

dtOt^fe^-Otfet and dtX^ ^ -Xje^, (5.110) 

where the multiplication is understood as ordinary matrix multiplication, e.g. 
{OffOtY^ = Of'fkiO^^ . Given the Poisson tensor 9 and the Poisson vectorfield X, 
the formal solutions are 

Ot -oY,(-t for - ^{0'' - te^'fije^' + ■ • .)du a di (5.111) 

n=0 

and 



Xt^X Y,{-t for = X'^dk - tX^fije^'dk + .... (5.112) 

n=0 

Of is still a Poisson tensor and X^ is still a Poisson vectorfield, i.e. 

[et,et] = o and [Xt,et]^o. (5.113) 

For the proof see B.l. 
With this we calculate 

fe = dtOt = -etfet = -[ae, 9] = d,a,. (5.114) 

We now get the following commutation relations 

[a0, + dt,dg^{g)] = de,{{ae, + dt){g)), (5.115) 
[a0, + dt,Xt] = -de,{X!^ak), (5.116) 

where g is some function which might also depend on t (see B.2.1). 

To construct the Seiberg-Witten map for the gauge potential Ax, we first 
define 

oo ^ 

n=0 ^ ' 

With this, the semi-classical gauge parameter reads [65, 66] 

Ax[a] = Kt{X)\^^^. (5.118) 
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To see that this has indeed the right transformation properties under gauge trans- 
formations, we first note that the transformation properties of a0^ and X^ak are 



and 



5x{X^ak)^X^dk\^[Xt,\]. 



(5.119) 



(5.120) 

Using (5.119,5.120) and the commutation relations (5.115,5.116), a rather tedious 
calculation (see B.3) shows that 



5xKt{Xlak) = X^dkKt{\) + deXKt{\))Kt{X^ak). 
Therefore, the semi-classical gauge potential is 

Ax[a] = Kt{X^ak) . 

t=o 



(5.121) 



(5.122) 



5.3.3 Quantum construction 

We can now use the Kontsevich formality map to quantize the semi-classical con- 
struction. All the semi-classical expressions can be mapped to their counterparts 
in the ^-product formalism without loosing the properties necessary for the con- 
struction. One higher order term will appear, fixing the transformation properties 
for the quantum objects. 

The T*r-product we will use is 

^ = J2-;Un{et, ...,et). (5.123) 

77/. 

n=0 

We define 



4 = (5.124) 
which for functions / and g reads 

dMf=[fl9]- (5.125) 

The bracket used in the definition of rf^ is the Gerstenhaber bracket (A. 1.2). We 
now calculate the commutators (5.115) and (5.116) in the new setting (see B.2.2). 
We get 



mae,)+dt,d,mg))] = d^i^ae,) + dt)<l>{g)), (5.126) 
ma0,) + dt,^Xt)] = -4($(^t'afe)-*(ae„^t)). (5.127) 
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The higher order term ^'(ae^,Xt) has appeared, but looking at the gauge trans- 
formation properties of the quantum objects we see that it is actually necessary. 
We get 

5x^ae,) = <^{de,X) = o?*$(A) (5.128) 
with (5.104) and (5.119) and 

6xmX^ak)-^{ae,Xt)) = ^X^, \]) - ^{de\,Xt) (5.129) 

= MXt),^\)]-^i[9t,\],Xt) 
+^([^i,Xi],A)-^(ciA^*) 

= Mx,),^\)] 

where the addition of the new term preserves the correct transformation property. 
With 

oo ^ 
n=0 ^ ' 

a calculation analogous to the semi-classical case gives 

5x{K*mx^a,)-^I^{ao,,Xt))) = 5x.i^*($(A)) (5.131) 

+d.{K*mX)))K^mx^a,) - ^{ae„X,)). 

As in [65, 66], the NC gauge parameter is 

Ax[a]^K^mX))\^^^, (5.132) 
and we therefore get for the NC gauge potential 

Ax[a] = KtmX^a,) - *(a,„X,)) , (5.133) 

t=o 

transforming with 

Mx = 5xAa-[AaMx]. (5.134) 



64 5 Gauge theory on curved NC spaces 



65 



Chapter 6 

Covariant coordinates 



While we can only construct actions for noncommutative gauge theory if we have 
a frame commuting with the Poisson structure, covariant coordinates can always 
be defined. Therefore we can still extract information from the noncommutative 
gauge theory, even if we do not have the complete picture. We will use these 
covariant coordinates to generalize the open Wilson lines of chapter 2.5. In [90] 
these were used to give an exact formula for the inverse Seiberg-Witten map. We 
will generalize this construction for general T*r-products with invertible Poisson 
structure 6''^ . 

6.1 Wilson lines and observables 

As we saw in chapter 5.1.1, multiplication with a coordinate from the left is not 
a covariant operation. For this, we can define covariant coordinates 

X'^x' + A' (6.1) 

for which we want 

Sa{X' ★ ^) = Sa{{x' + A') ★ ^) = iA ★ ★ ^. (6.2) 

Therefore the gauge field A^ has to transform as 

SaA' ^i[A* x']+i[A* A% (6.3) 

Even though the gauge field A^ vanishes in the commutative limit, its Seiberg- 
Witten map can nevertheless be calculated [65]. It starts with 



A' = + C(2). 



(6.4) 
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We can use the covariant coordinates to construct noncommutative Wilson lines. 
As in the canonical case we can start with 

Wi ^ e^^^' e-'^^'^\ (6.5) 

where ★ is now an arbitrary ^-product. The transformation property oiWi is now 

Wl{x)=g{x)^Wi{x)^g-\Tix), (6.6) 

where 

Tix^ ^6^"=^ ^x^ ^e-'^'''' (6.7) 

is an inner automorphism of the algebra, which can be interpreted as a quantized 
coordinate transformation. Note that the e^''^' do not close to a group for 9''^{x) 
at least quadratic in the x's. Therefore it is not clear how to generalize NC Wilson 
lines for arbitrary curves as in [59]. If we replace commutators by Poisson brackets, 
the semi-classical limit of these coordinate transformations may be calculated 

Tix'' = e:''[^*'-lx*^ ^ e-''^^''->x^' = e-''^''^^x^ (6.8) 

the formula becoming exact for 9'^^ constant or linear in x. We see that the semi- 
classical coordinate transformation is the flow induced by the Hamiltonian vector 
field —liO^Wj. At the end we may expand Wi in terms of 9 and get 

Wi^e-'^'^''''^ + 0{9^), (6.9) 

where we have replaced by its Seiberg-Witten expansion. We see that for 
I small this really is a Wilson line starting at x and ending at x — 16. For a 
given T*r-product, the higher order corrections to this expression can in principle 
be calculated. Note that this expression would also depend on the specific choice 
of the Seiberg-Witten-map of the covariant coordinates. 

If we have a measure function Vt{x) for our T<r-product with di{fl9^^) = 0, we 
can use the trace property of the integral (see chapter 3.6) to generalize the open 
Wilson lines of chapter 2.5. They read 

f/,^/d-.nM».,W.er^/d-.nMe--« (6.10) 

and are again gauge invariant objects. Of course, we can again insert a function 
/ depending only on the covariant coordinates 

= J d^''xn{x)f{X')icef^'^''^ (6.11) 



without spoiling the gauge invariance. 
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6.2 Inverse Seiberg-Witten-map 

As an application of the above constructed observables we generalize [90] to arbi- 
trary T*r-prodiicts, i. e. we give a formula for the inverse Seiberg-Witten map for 
^-products with invertible Poisson structure. In order to map noncommutative 
gauge theory to its commutative counterpart, we need a functional fij[X] fulfilling 

f,j[gi.Xi.g-']^f,j[Xi (6.12) 

d/ = (6.13) 

and 

f..^diaj-d,ai + 0(e). (6.14) 

/ is a gauge covariant field strength and reduces in the limit ^ — > to the correct 
expression. 

To prove the first and the second property we will only use the algebra prop- 
erties of the ^-product and the cyclicity of the trace. All quantities with a hat 
will be elements of an algebra. With this let X* be covariant coordinates in an 
algebra, transforming under gauge transformations like 

X"^gX'g-' (6.15) 

with g an invertible element of the algebra. Now define 

F'^ ^ -i[X\X^] (6.16) 

and 

Aj 2"-i(n — 1)! ' \^-^'J 

Note that the space is 2n dimensional. Using the the symmetrized trace str, i.e. 



str,^^{F^X^) = j^tr{F^X'+ (6.18) 
all other possible permutations of q F's and r X's ^ 

see also [90], the expression 

^,,(fc) = strp^j, ((F"-^).,e'^'^^^) (6.19) 
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clearly fulfills the first property due to the properties of the trace. Note that 
symmetrization is only necessary for space dimension bigger than 4 due to the 
cyclicity of the trace. In dimensions 2 and 4 we may replace str by the ordinary 
trace tr. J-ij{k) is the Fourier transform of a closed form if 

kiiJ'jk] = (6.20) 

or if the current 

jil-i2n-2 ^ g^^.^^^ ^P[ili2 . . . pi2n-3i2n-2]^ikjFJ^ ^Q ^l) 

is conserved, respectively 

kiJ' - = 0. (6.22) 

This is easy to show, if one uses 



strpjr 



[kiX\ xY^i^' ■ ■ •) (6.23) 



— strpjr 

which can be calculated by simple algebra. 

To prove that has the right commutative limit, we have to switch to the 
★-product formalism and expand the formula in 6^^. The expression (6.19) now 
becomes 

The expression in brackets has to be symmetrized in F^^ and X* for n > 2. Up 
to second order in 9^^, the commutator F'-' of two covariant coordinates is 

F'^ = -i[X' t X^] = 9'^ - 9'^fki9^^ - 9^^di9'^ak + C(3) (6.25) 

with fij — diUj — djtti the ordinary field strength. Furthermore we have 

= e*'=*^'(l + iki9'^aj) + 0(2). (6.26) 

If we choose an antisymmetric ^-product, the symmetrization will annihilate all 
the first order terms of the ^-products between the F^^ and X\ and therefore we 
get 



= -2n 



(6.27) 



~e9^ 



e,,r-i - (n - l)e,,^"-2^/^ 
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d^^'x (^^r.i + 2n(n- 1)- 



using partial integration and di{e6"'6'^^) = 0. To simplify notation we introduced 
eije^-' = e,,,,,,.,„_,,„_,^^^^-^ • • • ^^"-^"-etc. (6.28) 
In the last line we have used 

We will now have a closer look at the second term, noting that 

^ijejjT^efe ^ _]_Q lQkr J Qsl ^ -J_f^^0rs (6 30) 

and therefore 

with a + b — — Taking e. g. i — 1, j — 2 we see that 

ei2-kiO''-^e^JrsO''' = eu...kie''-\e'''9^' - e''^e'')fu (6.32) 

+terms without /12. 

Especially there are no terms involving fuO^^ and we get for the two terms on 
the right hand side of (6.31) 

2aei2^"-Vi2^^^ = -2n6ei2^^^r-Vi2 (6.33) 
and therefore h ~ —-. This has the solution 



n 



^ and 6 = (6.34) 



2(n - 1) 2n(n - 1) 

With the resulting 



(6.35) 
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we finally get 

-T[X]i^{k) = J dP^x {Oi^ + ^'^^^ + 0(1). (6.36) 

Therefore 

^ T[XUk) - :F[xUk) (6.37) 

is a closed form that reduces in the commutative limit to the commutative Abelian 
field strength. We have found an expression for the inverse Seiberg-Witten map. 
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Though T<r-products are a convenient tool for studying noncommutativity, their 
strength lies mainly in the perturbative regime. For other purposes, especially 
nonperturbative ones, a different approach using a different representation of the 
algebra of functions on noncommutative space is better suited. 

If we take the simple example of a noncommutative plane with canonical 
noncommutativity 

[x,y]=ie, (6.38) 

we see immediately that this is nothing but the Heisenberg algebra, for which 
we can use the well known Fock-space representation. In 2n dimensions, we can 
use n such pairs of coordinates which upon complexification become creation and 
annihilation operators on the Fock-space. Using this approach, it was possible 
to study many nonperturbative features of noncommutative field theory such as 
solitons and instantons (see e.g. [37] for references). 

We will call this approach matrix model approach, as the gauge theory can be 
described as a matrix model having the noncommutative space as its ground state, 
the fluctuations creating the gauge theory. But noncommutative spacetime with 
canonical commutation relations has to be represented on an infinite-dimensional 
vectorspace, leading to a number of problems. First of all, there are the well 
known divergencies of noncommutative gauge theory. Then, the rank of the 
gauge group can't be fixed in this model [37]. Therefore we are looking for spaces 
that can be represented as finite-dimensional matrix algebras, where everything 
is well defined. The space on which we will base our constructions will be the 
fuzzy sphere [73], an A^-dimensional matrix algebra corresponding to a truncation 
of the spherical harmonics on the sphere at angular momentum N — 1. To go 
to 4 dimensions, we will use the product of two such fuzzy spheres Sj^ x 5"^, 
generated by A^^-dimensional matrices. In one limit, this fuzzy space goes over 
to the product of two commutative spheres, but in a different limit, it also goes 
to noncommutative with canonical commutation relations. Our interest will 
therefore be twofold: On one hand we will study gauge theory on this fuzzy 
space as the deformation of commutative gauge theory, on the other hand as a 
regularization of gauge theory on R^. 
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Chapter 7 

The canonical case 



Before we study gauge theory on a finite-dimensional fuzzy space, we first want 
to present the usual matrix model approach to noncommutative gauge theory on 
Wg. After a quick look at the infinite-dimensional Fock-space representation of 
R^, we will show how gauge theory can be formulated as a matrix model with 
ground state M.j. The fluctuations around this ground state will create the gauge 
theory. Finally we will have a look at a certain class of instantons, the so called 
fluxon solutions. 



7.1 The Heisenberg algebra 

In two dimensions, the coordinate algebra with canonical deformation 

[x,y]=te (7.1) 

is nothing but the well known Heisenberg algebra. But now the noncommuta- 
tivity isn't between the coordinates and momenta, but between the coordinates 
themselves. Of course we can use the usual Fock space representation for this 
algebra by first defining 

x±:^ x± iy (7.2) 

with 

[x+,x^]^29. (7.3) 

The Fock space is given by 

n = {\n), neNo}, (7.4) 
where the creator and annihilator operators act as 

x-\n) = V2eVn+l\n + l), x+\n) = V2e^/n\n - 1). (7.5) 
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^ixv — 



(7.7) 



This can be generalized to higher dimensions. Any 2n-dimensional algebra with 
canonical commutation relations can by suitable rotations be brought into a form 
where it consists of n pairs of noncommuting variables (7.1). As we will mostly 
be concerned with the 4-dimensional case in the following, we will present it here 
in more detail. 

The most general noncommutative is generated by coordinates subject to 
the commutation relations 

[x^,,x^]^^0^^ , (7.6) 

where e {1, . . . , 4}. Using suitable rotations, ^^i/ can always be cast into the 
form 

/ ^12 \ 
-612 

^34 
\ -^34 J 

To simplify the following formulas, we restrict our discussion from now on to the 
selfdual case ^ 

and denote 

:= 9i2 = ^34; (7.9) 

the generalizations to the antiselfdual and the general case are obvious. In terms 
of the complex coordinates 

x±L:=xi±ix2 , x±R -.^ X3 ± ix4, (7-10) 
the commutation relations (7.6) take the form 

[x+a,X^b] = 26'5ab, [x+a,X+b\ = [X-a,X^b] = 0, (7.11) 

where a,b E {L,R}. The Fock-space representation 7i of (7.11) has the standard 
basis 

n^{\ni,n2), ni,n2eNo}, (7.12) 

with 



x_L|ni,n2) = v2^-\/ni + l|ni + 1,712), x+L\ni,n2) = \/26'y^|ni-l, 712) 



x^R\ni,n2) = V29^/n^+l\nl,n2 + l), x+R\ni,n2) = v2^y^|ni, 7^2-l) . 

(7.13) 

The derivatives on this space are inner, i.e. they are produced by the commutator 
with a coordinate 

-lO^-'d, = [■,x% (7.14) 
just as in the ^-product formalism. 
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7.2 Noncommutative gauge theory 



We can introduce gauge theory by using a matrix action 

2g^e 



^=-feitr([X^,X.]-zVr, (7.15) 



where the are infinite-dimensional matrices, and the trace is over the Fock 
space (7.12). The action is obviously constructed in such a way as to have the 
Fock-space representation of as its ground state. As we want the action to be 
invariant under unitary transformations 

^ U^X^U, (7.16) 

we get fiuctuations around the ground state 

X^ = x^ + A^. (7.17) 

The fiuctuations are understood as infinite-dimensional matrices acting on the 
Fock space (7.12) as well. They have to transform as 

A^^U^[x^,U]+U^A^U (7.18) 

to make the gauge covariant. Remembering that the commutator with a co- 
ordinate produces a derivative, we recognize the correct transformation behavior 
for the gauge field. The gauge covariant field strength then reads 

iFf,, = {[X^, X,] - iO^,) = [Xf,, A,] - [x„ A,,] + [A^, A,] (7.19) 

and the action (7.15) reads 



S-hk^^^M- (7.20) 



To bring the action into a form where it resembles more the creator and annihilator 
representation, we can also use the complex covariant coordinates X±a. 

X±L^Xi±iX2 , X±R^Xs±iX4 (7.21) 

and the corresponding field strength 

Faa,l3b — [Xaa,Xl3b] — '^^^ali^ab (7.22) 

with a, 6 e {L-iR} and a,P & The action (7.15) can now be written in 

the form 

^ ^ ~202 ^^(X/ ^+a-aF+a-a " ^ -P+a,+6-^-a -b) , (7.23) 
^ a a,b 
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and the equations of motion are given by 

J2[Xaa:{Faa,(3by]^0. (7.24) 

a,a 

We now want to discuss a peculiar feature of this formulation of noncommuta- 
tive gauge theory. Even though we did construct our action for U{1), it actually 
contains sectors for every rank of the gauge group U{n)\ This is related to the 
fact that in noncommutative gauge theories, the gauge group also contains trans- 
formations acting on spacetime itself. As the size of the matrices isn't fixed 
(they are infinite-dimensional operators), we can't seperate the gauge part of the 
unitary transformations from the spacetime part. This can be seen as follows: If 
we have 

= (7.25) 
as a ground state of the theory, then of course 

I ) 

is equally a ground state. In fact, the direct sum of n sohitions of the equations 
of motion will again be a solution. As the covariant coordinates = + 
corresponding to the ground state (7.25) produce a U{1) theory, any such ground 
state X'^ = x^® l„xn can be viewed as the ground state of a U{n) gauge theory, 
where the gauge degrees of freedom act on the right hand side of the tensor 
product. The corresponding covariant coordinate can then be written as 

K = X^® Inxn + A^^aT\ (7.27) 

with the are generalized Gellman matrices for t/(n), producing a U{n) gauge 
theory. So the matrix action (7.15) cannot be restricted to one gauge group, it 
contains sectors with all U{n). As we will see in chapter 10, this problem can be 
fixed in a regularized theory. 




7.3 U{1) instantons on 

We will for the moment stick to the ?7(l)-sector of the theory and look for solutions 
of the equations of motion (7.24) which can be understood as instantons of the 
gauge theory. 

On noncommutative R^, all C/(l)-instantons were constructed and classified in 
[50]. They can be interpreted as localized flux solutions, sometimes called fluxons. 

The situation on is more complicated, and there are different types of non- 
trivial U{1) instanton solutions on R^. Assuming that O^i, is self-dual, there are 
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two types of instantons: first, there exist straightforward generalizations of the 
two-dimensional localized fluxon solutions with self-dual field strength. As in the 
two-dimensional case, we will refer to these 4-dimensional solutions as fiuxons. 

There are other types of U{1) instantons on Mj, which were found through 
a noncommutative version of the ADHM equations [88, 41, 27, 55, 61, 101], in 
particular anti-selfdual instantons which are much less localized than the fiuxon 
solutions. However, we will concentrate on the generalizations of [50], as they will 
become important for us in chapter 10. 

For the construction of the fiuxons, let us consider a finite dimensional sub- 
vectorspace Vn of the Fock-space H of dimension n spanned by a finite set of 
vectors |ni, 712) G H, 

Vn={{\tk,Jk); k = l,...,n}). (7.28) 
We introduce a partial isometry^ S mapping 7i to H\Vn , which has 

S^S = 1, (7.29) 
SS^ = (7.30) 

with the projection operator onto the subspace Vn 

n 

^v„ — Yl h,jk){ik,jk\- (7.31) 
fc=i 

Following [50] one then finds solutions to the equations of motion given by^ 

n 

X^^l := Sx+LS'' + J2^^h,Jk){tk,Jk\ (7.32) 

k=l 

n 

:= Sx+rS^ + J2^^h,Jk){tk,Jk\, (7.33) 
fc=i 

and X^]^ = {X^^y. Here 7^'^ G C determine the position of the fiuxons. The 
field strength F^i, for this solution is 

F^, = P^J^,. (7.34) 

In particular, the action corresponding to the instanton solution (7.32,7.33) is 
proportional to the dimension of the subspace Vn 

S[X^- ^ tr(P,„ ) = ^ n. (7.35) 

^If we index the basis of H as \ik,jk) with A; G N and assume that V is spanned by the first 
n vectors (which we can always get by using a suitable unitary transformation) , S can be given 
by S : \ik,jk) \ik+n,jk+n)- 

^Note that [xitKi] = [4"2>^i"i] = [^i"2,4"i] = i^^^^-l] = • 
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Since they can be interpreted as localized flux, these t/(l)-instanton solutions for 
are called fluxons. The localization can be seen as follows: recall [42] that 
the above projection operators can be represented on the space of commutative 
functions (using a normal-ordering prescription) as 



X ^ .1.1, X^^ . 1.1 , X ^ . 1,2 , x^^ 



(7.36) 

Hence the above field strengths F^^ = P^^ 9^i, are superpositions of Gauss-functions 
which are localized in a region in space of size \/9. 
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Chapter 8 
Fuzzy spaces 



In this chapter we will present a 4-dimensional noncommutative space that has 
the advantage of having finite dimensional representations. Therefore, the gauge 
theory we will construct on it in chapter 9 will be well defined and all calculations 
will become finite. Using this space we will be able to regularize both itself in 
chapter 8.3 and gauge theory on Wq in chapter 10. 



8.1 The fuzzy sphere S'^ 



N 

We start by recalling the definition of a 2-dimensional space, the fuzzy sphere 
introduced in [73]. The algebra of functions on the fuzzy sphere is the finite alge- 
bra Sjf generated by Hermitian operators Xi — {xi,X2,xs) satisfying the defining 
relations 

[xi,Xj] = iANeijkXk, (8.1) 
xl + xj + xl = R^. (8.2) 

They are obtained from the A^-dimensional representation of su{2) with generators 
Ai (i = 1, 2, 3) and commutation relations 

3 - 1 

[K, ^j] = iUjk^k, KK — — ^ — (8.3) 

i=l 

(see Appendix C.l) by identifying 

2R 

Xi = Ajv Xi, Atv = ■ (8.4) 

V A^ — 1 

The noncommutativity parameter is of dimension length. The algebra of 
functions Sj^ therefore coincides with the simple matrix algebra Mat{N, C). The 
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normalized integral of a function / G S*^ is given by the trace 



/ 



/=^tr(/). (8.5) 



The functions on the fuzzy sphere can be mapped to functions on the commutative 
sphere S"^ using the decomposition into harmonics under the action 

Jif = [kJ] (8.6) 

of the rotation group SU{2). One obtains analogs of the spherical harmonics up 
to a maximal angular momentum — 1. Therefore S'j^ is a regularization of 
S"^ with a UV cutoff, and the commutative sphere S"^ is recovered in the limit 
N — > oo. Note also that for the standard representation (C.2), entries in the 
upper-left block of the matrices correspond to functions localized at — R- 
In particular, the fuzzy delta-function at the "north pole" is given by a suitably 
normalized projector of rank 1, 

where l^^-^-^-) is the highest weight state with maximal eigenvalue of A3. Delta- 
functions with arbitrary localization are obtained by rotating (8.7). 



8.2 X 

The simplest 4-dimensional generalization of the above is the product S'j^^ x Sj^^ of 
2 such fuzzy spheres, with generally independent parameters Nl^r. It is generated 
by a double set of representations of su{2) commuting with each other, i. e. by 
Af , Af satisfying 

[Af , A^] = i^ijk^k, [Af , Xf] = ieijkXk-, (8.8) 
[Af,Af] = 

for i, j = 1, 2, 3, and Casimirs 

E - E - (8-9) 

i=l 1=1 

This can be realized as a tensor product of 2 fuzzy sphere algebras 

Af = \®lNn>^Nn, (8-10) 
Af = liV^xiV^®Ai, (8.11) 
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hence as algebra we have Sjj^ x Sjj^ = Mat (A/", C) where 

N^NlNr. (8.12) 
The normalized coordinate functions are given by 



X. 



=Af'^ YMf = ^-Y.^"f- (8-13) 



This space^ can be viewed as regularization of yS"^ x yS"^ C M^, and admits the 
symmetry group SU{2)l x SU{2)ii C 5'0(6). The generators x^'^ should be 
viewed as coordinates in an embedding space R^. The normalized integral of a 
function / e S'j^^ x 5"^^ is now given by 

/ = l?E^tr(/) = ^tr(/). (8.14) 

where we define the volume V := IQn^R^. We will mainly consider Ni^ = Nji in 
the following. 



8.3 The limit to the canonical case 

It is well-known [28] that if a fuzzy sphere is blown up near a given point, it 
can be used to obtain a (compactified) noncommutative plane with canonical 
commutation relations: Consider the tangential coordinates Xi^2 near the north 
pole X3 = R. Setting 

= N0/2, (8.15) 
they satisfy the commutation relations 

[x,,X2] = i—xs = t—^R^-xl-xl = t9 + 0il/N). (8.16) 

Therefore in the double scaling limit with N, R ^ 00 keeping 9 fixed, we recover^ 
the commutation relation of the canonical case, 

[xi,X2] =i9 (8.17) 

^In principle one could also introduce different radii R^'^ for the 2 spheres, but for simpHcity 
we will keep only one scale parameter R (and sometimes we will set R= 1). 

^One could be more sophisticated and use the stereographic projections as in [28], which 
leads essentially to the same results. 
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up to corrections of order j^. Similarly, starting with Sj^^ x Sj^^ and setting 

^ NL,ReL,R/2, (8.18) 

we obtain in the large Nl, Nji limit 

[xf,xf] = ieije"-, [xf,xf]^ieije'^, (8.19) 
[xf,xf] = 0. 

This is the most general form of with coordinates {xi, X4) = (xf, X2, , ) 
(after a suitable orthogonal transformation). The integral of a function f{x) then 
becomes 

j fix) ^ 47r^Miitr(/(x)) =: j f(x), (8.20) 

which has indeed the standard normalization, giving each "Planck cell" the ap- 
propriate volume. 
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Chapter 9 

Gauge theory on fuzzy 5^ x S 



Now that we have the fuzzy space Sj^^ x Sj^^ corresponding to A/'^-dimensional 
matrices, we want to construct a matrix model having S]^^ x S]^^ as its ground 
state. As in the canonical case, the fluctuations around this ground state will 
produce a gauge theory. But as the matrices are now finite-dimensional, the 
model will be well defined and finite. 

We will start with the most obvious formulation, gauging every coordinate 
seperately. But there is also a more elegant formulation using collective matrices. 
This will be especially usefull to introduce fermions, which can be embedded very 
naturally in this framework. 

We will also study non-trivial solutions of the EOMs, identifying some of them 
as the monopoles on the commutative S'^xS'^, while others will become important 
in the limit to M.g in the following chapter. 



9.1 Gauge theory 

In the fuzzy case, it is natural to construct Si x 5*^ as a submanifold of M^. 
We therefore consider a multi-matrix model with 6 dynamical fields (covariant 
coordinates) and {i — 1, 2, 3), which are J\f x Af Hermitian matrices. As 
action we choose the following generalization of the action in [96], 

with a,b = L, R and i.j = 1,2,3; summation over repeated indices is implied. 
Here (Pl,r are defined as 

:= ^(Sf 5f - ^), := ^(^f - ^), (9.2) 
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and R denotes the radius of the two spheres, which we keep explicitly to have the 
correct dimensions. The field strength is defined by 

FiLjL = ^ii[B^,Bf]+e,jkB^), (9.3) 



FiRjR = —{i[Bf , Bf] + eijkB^'' 



1 

FiLiR = ^M[B^,Bf]). 



This model (9.1) is manifestly invariant under SU{2)l x SU{2)r rotations act- 
ing in the obvious way, and U{M) gauge transformations acting as B^'^ — > 
UBf"'^U-\ We will see below that this reduces indeed to the U{1) Yang-Mills 
action on 5"^ x in the commutative limit. Note that if the action (9.1) is con- 
sidered as a matrix model, the radius drops out using (8.14). The equations of 
motion for B^" are 

A/"2 - 1 

{Sf , BfBf - + (5f + ^e,,kB}Bt) (9.4) 

+ie,,,[B}, {B^ + tekrsB^B^)] + [5f , [Sf , B^]] = 0, 

and those for B^ are obtained by exchanging L ^ R. By construction, the 
minimum or ground state of the action is given by F = (f = 0, hence Bj^'^ = Xf'^ 
as in (8.10,8.11) up to gauge transformations; cp. [53] for a similar approach on 
CP^. We can therefore expand the covariant coordinates B^ and B^ around the 
ground state 

Bt = A," + RAl (9.5) 

where a e {L, R} and is small. Then Af'^ transforms under gauge transfor- 
mations as 

^L,R _^ ^,L,R ^ uj^l,Rjj-i ^ u^xf'^^ [/-l]^ ^9 6) 

and the field strength takes a more familiar form\ 

F^LJL = i{[^,Af]-[^,A^] + [Af,Af]), (9.7) 
F^R,R = ^{[^,Af]-[^,Af] + [A^,Af]), 

F.LJR = i{[^,Af]-[^,Af] + [Af,Af]). 

So far, the spheres are described in terms of 3 Cartesian covariant coordinates 
each. In the commutative limit, we can separate the radial and tangential degrees 

^We do not distinguish between upper and lower indices L,R. 
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of freedom. There are many ways to do this; perhaps the most elegant for the 
present purpose is to note that the terms / + V^r in the action imply that (pL,R 
is bounded for configurations with finite action. Using 

fL^ ^A^ + A^^ + A^A^ (9.8) 

and similarly for (fin it follows that 

x,At + A^x, = 0{^) (9.9) 

for finite A^. This means that Af is tangential in the (commutative) large N 
limit. Alternatively, one could consider 61 = Nip^, which would acquire a mass 
of order N and decouple from the other fields^. The commutative limit of (9.1) 
therefore gives the standard action for electrodynamics on x S^, 

1 



with a,b — L, R and i,j — 1,2,3. Here F^j^^j^ denotes the usual tangential field 
strength. This can be seen most easily by noting that e.g. at the north pole 
Xg'^ = R, one can replace 



o L.R (9-11) 



in the commutative limit, so that upon identifying the commutative gauge fields 
Af^ via 

the field strength is given by the standard expression F^^jj^ = d^A^^''^^ — dj^A^'^^ 
etc. 



U{k) gauge theory 

The above action generalizes immediately to the nonabelian case, keeping pre- 
cisely the same action (9.1), (9.2), but replacing the matrices B^'^ by kj\f x kAf 
matrices, cp. [96]. The constraint term will then impose as ground state A^^^ (8) 
Ikxk- Expanding the covariant coordinates Bf'^ — ^ (S>lkxk + Af^^^T"" in terms 
of the Gellman matrices T", the action (9.1) is the fuzzy version of nonabelian 
U{k) Yang-Mills on x 

^The constraints (fiL = = ipR could also be imposed by hand; however the suppression 
through the above terms in the action is more flexible, as we will see in chapter 9.5. 
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9.2 A formulation based on 50(6) 

The above action can be cast into a nicer form by assembling the matrices ' 
into bigger collective matrices, following [96]. Since it is natural from the fuzzy 
point of view to embed S"^ x S'^ C with corresponding embedding of the 
symmetry group 5*0(3)^ x S0{3)r C S0{6), we consider 

B,^{B^,B^) (9.13) 

to be the 6 -dimensional irrep of so{6) = su{4:). Since (4) <S) (4) = (6) © (10), it is 
natural to introduce the intertwiners 

7. = (7^7f) = (7M)"'^ (9.14) 

where a, (3 denote indices of (4). We could then assemble our dynamical fields 
into a single 4JV x 4J\f matrix 

B = 5^7^ + const • 1. (9.15) 

Of course the most general such 4J\f x 4J\f matrix contains far too many degrees 
of freedom, and we have to constrain these B further. Since 5'C/(4) acts on B 
as B — > U^BU, the 7^ can be chosen as totally anti-symmetric matrices, which 
precisely singles out the (6) C (4) (g) (4). One can moreover impose 

(7f)^ = 7^ (7f)^ = -7f, (9.16) 



and 



ih} = S,,+ze,,klk, (9.17) 



ihf = -k-^^Jk7k: (9.18) 

[7f,7f] = 0, (9.19) 

which will be assumed from now on; we will give two explicit such representa- 
tions in (D.5), (C.5). This would suggest to constrain B to be antisymmetric. 
However, the component fields 5^ are naturally considered as Hermitian rather 
than symmetric matrices. Furthermore, since the 7^^ = iln)"''^ have two upper 
indices, they do not form an algebra. There are two ways to proceed. We can 
either separate them again by introducing two 4J\f x 4JV matrices, 

5^ = ^ + , = I + ^/"^f ' (9-20) 

breaking 5*0(6) 5*0(3) x 5*0(3). This will be pursued in Appendix D.l. 
Alternatively, we can use the 7^ with the above properties to construct the 8x8 
Gamma-matrices 

7/^ 

Y 



= ( ".t ) ' ^9-21) 
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which generate the 5'0(6)-Clifford algebra 

{^^ r^} = ( ; I ) = 25-. (9.22) 

This suggests to consider the single Hermitian SjV x 8jV matrix 

C^V^B.^C^^l, + X^--C'^C^. (9.23) 

where Co = + C(f denote the constant 8 x 8-matrices 

C'. - -'fi^^r's-l^l I), (9.24) 

Co^ - -^rfr^rf = l^\ J ) (9.25) 

in the above basis. Using the Clifford algebra and the above definitions one then 
finds 

C^^S^S^ + ^ + E^F^,. (9.26) 

Here T^q" = —jlT/^, Fj,], and the field strength F^j, coincides with the definition in 
(9.3) if written in the L — R notation, 

Fiajb — iiBia, Bjb] + Sab^ijkBka- (9.27) 

Therefore the action 

^6 = Tr((C2 - —f) = 8tr{B^B^ + 4trF^.F^, (9.28) 

is quite close to what we want. The only difference is the term (B^B^ — ^^^~^ )^ 

instead of {B-M^^ + {BmB.R - ^)^ for 2N^ = Nl + Nl This 

difference is easy to understand: since (9.28) is 5'0(6)-invariant, the ground state 
should be some 5"^. We therefore have to break this 5*0(6)- invariance explicitly, 
which will be done in the next chapter. However before doing that, let us try 
to understand action (9.28) better and see whether it leads to a meaningful 4- 
dimensional field theory. We show in Appendix D.2 by carefully integrating out 
the scalar components of B^'^ that the 50(6)- invariant constraint term in (9.28) 
induces the second term in the following effective action 

Sf ~ 4tr (^F^,F^, - {F,LXiL - FiR^iR) ^^i ^ q q ^ i^iL^iL - FiRXin)^ (9.29) 
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in the commutative limit, where FiL = \^ijkFjLkL etc. Comparing the second term 
with F^yF^y, we see that the zero mode of the Laplace operator 8^8^ can produce a 
contribution that cancels the corresponding contribution from F^j/F^,/, but that all 
higher modes are smaller by at least a factor of 2(| — 9^9^). Therefore, the action 
(9.28) is positive definite except for the obvious zero mode SBf = e, SB^ = —e. 
This means that the geometry of Si x Sj^ is locally stable even with the 50(6)- 
symmetry unbroken, except for opposite fluctuations of the radii. 

9.2.1 Breaking S0{6) 50(3) x S0{3) 

To obtain the original action (9.1) for x S^, we have to break the 5*0(6)- 
symmetry down to 50(3) x 50(3). We can do this by using the left and right 
gauge fields O^ and introduced in (9.23) separately. Their squares are 

Cl = BiLBiL + ^ + (^^Q ^ i^iL + i^ijkBjLBkL), 

Cr = BijiBiR + I ~ ^ ^ "q^ y ^ ^^^^ i^ijkBjRBkR) 
As both Ylj Yr s-iid YlTr traceless, we have 

^brea^ := 2Tr((Ol - ^) (O^ - ^)) 

N? — 1 Nl — 1 

= WTr{(B,LBiL-^^mRB,n-^^)) 

With these terms we can recover our action as 

5 = 56-5brea. = Tr((0^-^)^-2(Oi-^)(0^-^)) (9.32) 

/V2 _ 1 /V"2 — 1 1 

= 8tr {{B.lB.l - + {B,nB,n - -^f + i^F^^F,,), 

which is precisely the action (9.1) for gauge theory on 5^^ x Sfj^ omitting the 
overall constants. Hence the action is formulated as a 2-matrix model, however 
with highly constrained matrices (7^, Cr. This formulation using the Gamma- 
matrices is very natural and useful if one wants to couple the gauge fields to 
fermions, as discussed in chapter 9.4. 

For simplicity, we will only consider Nl = Nr = N from now on. 



(9.30) 



(9.31) 
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9.3 Quantization 

The quantization of the gauge theory defined by (9.1) or its reformulation (9.32) 
is straightforward in principle, by a path integral over the Hermitian matrices 

Z[J] = J dB^e-^^^^^+''''^^''. (9.33) 

Note that there is no need to fix the gauge since the gauge group U{Af) is compact. 
The above path integral is well-defined and finite for any fixed Af. To see this, it 
is enough to show that the integral 

J dS,e-(^^^f-^)^-(^f^f-^)^ (9.34) 

converges, since the contributions from the field strength further suppress the 
integrand. This integral is obviously convergent for any fixed N. 

For perturbative computations it is necessary to fix the gauge, and to sub- 
stitute gauge invariance by BRST-invariance. Such a gauge-fixed action will be 
presented next. 



9.3.1 BRST Symmetry 

To construct a gauge-fixed BRST-invariant action, we have to introduce ghost 
fields c and anti-ghost fields c. These are fermionic fields, more precisely jV x jV— 
matrices with entries which are Grassman variables. 
The full gauge-fixed action reads: 

-5brst + -^tr(c[A^, [B^, c]] - {^b - [A^, B^])b) , (9.35) 

where b is an auxiliary (Xakanishi-Lautrup) field. This action is invariant with 
respect to the following BRST-transformations: 

sB^ = [B^, c] sc = cc (9.36) 
sc — b sb — 

(matrix product is understood), where the BRST-differential s acts on a product 
of fields as follows: 

s{XY) = X{sY) + {-lY^{sX)Y . (9.37) 
Here ey denotes the Grassman-parity of Y 

I 1 y fermionic. (9.38) 
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It is not difficult to check that these BRST-transformations are indeed nilpotent, 



I.e. 



s^ = 0. (9.39) 
Integrating out the auxiliary field b leads to the following action 

^BRST + -^tr(c[A^, [B„ c]] - ^[X„ B^][X,, B,]) . (9.40) 

Setting a = 1 corresponds to the Feynman gauge. This is indeed what one would 
obtain by the Faddeev-Popov procedure. The action S' is invariant with respect 
to the following operations: 

s'B^ = [B^,c] (9.41) 
s'c = cc 
s'c = [A^, 5^] . 

Since we have used the equations of motion of b, the BRST-differential s' is not 
nilpotent off-shell anymore, but we still have 

«'\n-shell = 0- (9-42) 



9.4 Fermions 

To introduce spinors on fuzzy S'^ x S^, we will first have to have a look at the 
commutative case. There, we will calculate the Dirac operator and bring it into 
a form which is more suitable for the fuzzy case. The formulation of fuzzy gauge 
theory using the 5'0(6)-Clifford algebra will proove very usefull, and the fuzzy 
Dirac operator will be a simple generalization of the commutative one. But this 
Dirac operator (because it is based on SO (6) instead of SO{3) x 5*0 (3)) will be 
reducible, which is why we will have to introduce projectors onto the physical 
Dirac fermions. Chirality can be introduced either using the chirality operator 
inherited from SO (6) or using a Ginsparg- Wilson system. 

9.4.1 The commutative Dirac operator on S*^ x S"^ 

To find a form of the commutative Dirac operator on S"^ x S"^ which is suitable 
for the fuzzy case, one can generalize the approach of [51] for S^, which is carried 
out in detail in Appendix D.3.3: One can write the fiat SO{6) Dirac operator 
Dq in 2 different forms, using the usual fiat Euclidean coordinates and also using 
the spherical coordinates of the spheres. Then one can relate Da with the curved 
four-dimensional Dirac operator on S"^ x S^ in the same spherical coordinates. 



9 Gauge theory on fuzzy S"^ x 



93 



This leads to an explicit expression for D4 involving only the angular momen- 
tum generators, which is easy to generalize to the fuzzy case. In terms of these 
tangential derivatives J^, the result becomes the simple expression 



i^4 = r%+(^5 J)=r% + 2Co, 



(9.43) 



which is clearly a 5*0(3) x 5'0(3)-covariant Hermitian first-oder differential oper- 
ator. Here generate the 5*0(6) Clifford algebra (9.22), Co is defined in (9.25), 
and we put = 1 for simplicity here. However this Dirac operator is reducible, 
acting on 8-dimensional spinors ^8 corresponding to the 5*0(6) Clifford algebra. 
Hence \l/8 should be a combination of two independent 4-component Dirac spinors 
on the 4-dimensional space S"^ x S^. To see this, we will construct explicit pro- 
jectors projecting onto these 4-dimensional spinors, and identify the appropriate 
4-dimensional chirality operators. This will provide us with the desired physical 
Dirac or Weyl fermions. 

9.4.2 Chirality and projections for the spinors 

There are 3 obvious operators which anti-commute with D4. One is the usual 
6-dimensional chirality operator 

r := zrf r^rf rf rf rf = (9.44) 

which satisfies 

{D4,r} = o, rt = r, r^ = i. (9.45) 

The 8-component spinors split accordingly into two 4-component spinors = 
1, which transform as 4 resp. 4 under so(6) = sm(4); recall the related 
discussion in chapter 9.2. The other operators of interest are 

XL^T'^^XiL and XR-^'^'^'xiR. (9.46) 

They preserve SO {3) x SO {3) C -SO (6), and satisfy 

p4,XL,4 = = {xL,x4 (9.47) 



as well as 

We will also use 



xIr = 1- (9.48) 
^ ^ 72 ^ 72 ^^"^ ^ ^""^ ^^'^^^ 
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which satisfies similar relations. This means that 

P± = ^(l±iXLXi?) (9.50) 

with 

P| = P±, P+ + P_ = 1 and P+P_ = (9.51) 

are Hermitian projectors commuting with the Dirac operator on S'^ x as well 
as with r, 

pI = P± and [P±, D4] = [P±, r] = 0. (9.52) 

Therefore they project onto subspaces which are preserved by D4 and F. Hence 
the spinor Lagrangian can be written as 

*^P)4*8 = *tP>4*+ + *LP>4*- (9.53) 

involving two Dirac spinors ^± = P±^8- In order to get one 4-component Dirac 
spinor, we can e.g. impose the constraint 

P+*8 = *8, (9.54) 

or equivalently give one of the two components a large mass, by adding a term 

M*JP_*8 (9.55) 

to the action with M — s> 00. The physical chirality operator is now identified 
using (9.52) and (9.45) as T acting on It can be used to define 2-component 
Weyl spinors on x S^. 

To make the above more explicit, consider the a pole of the spheres, i.e. 




(9.56) 



In the basis (9.21) for the Clifford algebra we then get explicitly 

P± = ^(l±z(^ "^J^^ ^i°y^)) = ^(l±^3®a3®a3). (9.57) 
This means that 

P+ = diag(l, 0,0, 1,0, 1,1,0) (9.58) 
projects onto a 4-dimensional subspace exactly as expected. 
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9.4.3 Gauged fuzzy Dirac and chirality operators 

To find a fuzzy analogue of the Dirac operator (9.43) coupled to the gauge fields, 
we recall the connection between the gauge theory on S"^ x 5*^ and the 5*0(6) 
Gamma matrices established in chapter 9.2. In the spirit of that chapter a natural 
fuzzy spinor action would involve 

*^C*, (9.59) 

where ^ is now a SjV x jV-matrix (with Grassman entries). Of course, (9.59) 
does not have the appropriate commutative limit, but we can split C into a fuzzy 
Dirac operator D and the operator x defined by 

X* = ^ (r'^^A^ - Co*), (9.60) 

which generalizes (9.49); here we used the definition (9.24,9.25) of Co- This 
operator satisfies 

= 1, (9.61) 

and reduces to (9.49) in the commutative limit. Note also that £ commutes 

with gauge transformations, since the coordinates are acting from the right in 
(9.60). Setting 

j;* = [A^,*], (9.62) 
we get for the fuzzy Dirac operator 

D = C-^X = + ^m) + 2Co = + 2Co. (9.63) 

Here^ 

Vf, := + (9.64) 

is a covariant derivative operator, i.e. V^ijj UV^ijj which is easily verified 
using (9.6). This D clearly has the correct commutative limit (9.43) for vanishing 
A, and the gauge fields are coupled correctly. In particular, this definition of 
D applies also to the topologically non-trivial solutions of chapter 9.5 without 
any modifications. Moreover, the chirality operator F as defined in (9.44) anti- 
commutes with D also in the fuzzy case, 

{5,r} = 0. (9.65) 



^We set R = 1 in this chapter for simphcity. 
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Furthermore, using some identities given at the beginning of chapter 9.2 we obtain 
for D^: 

5V = {E^''F^, + V^V^ + {T'',Co}V^ + 2)il: (9.66) 
=: (E'^^F^, + □ + 2)V^, 

defining the covariant 4-dimensional Laplacian □ acting on the spinors. This 
corresponds to the usual expression for D'^ on curved spaces, and the constant 
2 is due to the curvature scalar. Since and Yl^^^F^^ are both Hermitian and 
commute with F and P± as defined in (9.69) in the large N limit, it follows that 
□ satisfies these properties as well. 

9.4.4 Projections for the fuzzy spinors 

For the fuzzy case, we can again consider the following operators 

XL* = ^(F^%A,L + Co^*), (9.67) 

which satisfy 

Xi,i?=l, {XL,X«} = 0. (9.68) 
This implies (xlXj?)^ — and we can write down the projection operators 

P± = ^(l±mXi?) (9.69) 

which have the commutative limit (9.50) and the properties (9.51). However, the 
projector no longer commutes with the fuzzy Dirac operator (9.63): 

[D^XlXr] = {D,Xl}xr-Xl{D,Xr] (9.70) 

= ({2{\l + A,L)JiL - 2AiL\iL + 2Co^ r^Pa + 1)XR 

-Xl{2{\r + Ar)Xr - 2A,r\r + 2C^ r'^V.R + 1)) , 

which only vanishes for A?" — > cx3 and tangential (9.9). To reduce the degrees 
of freedom to one Dirac 4-spinor, we should therefore add a mass term 

M*JP_*8 (9.71) 

which for M ^ oo suppresses one of the spinors, rather than impose an exact 
constraint as in (9.54). This is gauge invariant since P± commutes with gauge 
transformations, 

P±ip UP±ip . (9.72) 
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The complete action for a Dirac fermion on fuzzy Sjj x S% is therefore given by 
-^Dira. = J ^{D + m)^s + M *^P-*8 (9.73) 

with M — > CX3. The physical chirality operator is given by F (9.44), which allows 
to consider Weyl spinors as well. 

9.4.5 The Ginsparg- Wilson relations 

There is an alternative approach to introduce chirality on fuzzy spaces, using the 
Ginsparg- Wilson relations. These were initially designed to study chiral fermions 
on the lattice [43], but they proved to be applicable to fuzzy fermions as well 
[9, 10]. On the fuzzy sphere, the Dirac and the chirality operator can be cast 
into a form in which they fulfill these relations. This makes it possible to study 
issues such as topological properties and index theory [6, 102]. We will see that 
the same relations can be formulated for our model, too. 

A Ginsparg- Wilson system consists of two involutions V and F', i.e. 

= 1 ; F^ = F and F'^ = 1 ; F'^ = F'. (9.74) 

In our case, these two involutions are defined as two different noncommutative 
versions of chirality, one acting from the left, the other one acting from the right 

F* = ^(r^^A^ + Co)*, (9.75) 

T'^ = ^(F^^A^-Co^). (9.76) 

We recognize F' as the fuzzy operator (9.60). But also F has the commutative 
operator (9.49) as its limit. 

In the Ginsparg- Wilson system, the Dirac operator was initially defined to be 

d=-F(F-F'), (9.77) 

where a is the lattice spacing, but here we will choose 

D = —V2{T -V), (9.78) 

as this reproduces our fuzzy Dirac operator (9.63) (with gauge fields switched 
off). We can now define an alternative chirality operator 

X = ^(F + F'). (9.79) 
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It fulfills 

{D,x} = 0, (9.80) 

Therefore x exactly anticommutes with D, but it vanishes on the top modes of D, 
i.e. for \D\ — y/2N. But at least for every eigenstate with positive eigenvalue 
E < V2N 

D^E = E^, (9.81) 

the ungauged fuzzy Dirac operator has also an eigenstate = X^b with the 
negative eigenvalue —E because of 

D-^_E = Dx'^ = -xD'^ = -XE"^ = -Em_E. (9.82) 

This can be used [6] to derive the following index theorem for D 

Ind{D) =n+-n-= Tr{x). (9.83) 

To include gauge fields, we can write 

Ta = ^(r''(A, + A,) + Co) = ^C. (9.84) 



With 



N r- 

Da = -V2{Va-V'), (9.85) 
XA = \{Ta + T') (9.86) 



we now get 



{Ax} = y^(r^-l) (9.87) 

which corresponds exactly to the result of [102] for the fuzzy sphere. Other results 
of [102] are therefore expected to hold in our case, too. 

Alternatively, the gauge fields could also be introduced in a way that is closer 
to the Ginsparg- Wilson setting by normalizing r_4. 
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9.5 Topologically non-trivial solutions on Sj^ x Sj^ 

We will now go back to pure gauge theory on Sj^ x Sff, looking for non-trivial 
solutions of the equations of motion (9.4). We will find that the theory is rich 
in topological solutions, some corresponding to monopoles on the commutative 
limit X S"^, others corresponding to the fluxon solutions found on the second 
limit R^. 

In order to understand better the non-trivial solutions found below, we first 
note that the classical space x is symplectic with symplectic form 

uj = uj^+uj^, (9.88) 

where 

= j^Sijkxfdxfdx^ (9.89) 
and similarly uj^. The normalization is chosen such that 

/ co^^^^l^ / uj^Alo^ (9.90) 

so that u!^,u!^ generate the integer cohomology H*{S'^ x 5'^,Z). Noting that 
CO is self-dual while u; :— cu^ — cu^ is anti-selfdual, it follows immediately that 
both F — 2t:uj and F — 27ra; are solutions of the Abelian field equations. More 
generally, any 

^(mi.mn) ^ 27rmLu;^ + 2T:mRUJ^ (9.91) 

for any integers mL,mR is a solution. In bundle language, they correspond to 
products of 2 monopole bundles with connections and monopole number ttil^r 
over Si ^. Following the literature we will denote any such non-trivial solution 
as instanton. 



9.5.1 Instantons and fluxons 

We are interested in similar non-trivial solutions of the EOMs (9.4) in the fuzzy 
case. The monopole solutions on the fuzzy sphere Sjf are given by representations 
^jv-m Qf _gy('2) of size N — m [68], which lead to the classical monopole gauge fields 
in the commutative limit as shown in [96]. It is hence easy to guess that we will 
obtain solutions on Sj^ x 5"^ by taking products of these: 

= Af-"^^ ® l^.^,, (9.92) 
= a^'lN-m.^Xt""" (9.93) 



100 



9 Gauge theory on fuzzy x 



where Xf '"^'^ are the N—mL,R dimensional generators of sm(2). It is not difficult 
to verify that these are solutions of (9.4) with a'"'^ = 1 + —j^ for mL,R <^ N , 
with field strength 

T F? 

FiLjL = > FiRjR = —^^^ijkXk , FiLjR = 0, (9.94) 

while B ■ B - ^ as ^ oo. This means that F = -2nm^uj^ - 2nm^uj^ 
in the commutative limit, so that indeed 



/ 



— = -m^'^. (9.95) 

ZTT 



Notice that the Ansatz (9.93) implies that all matrices have size J\f — {N — 
'>t^l){N — mji), which is inconsistent if we require that H — N"^ in order to have 
the original /S^ x 5^ vacuum. Therefore it appears that these solutions live in 
a different configuration space, similar as the commutative monopoles which live 
on different bundles. However, the situation is in fact more interesting: the above 
solutions can be embedded in the same configuration spaces of N"^ x N"^ matrices 
as the vacuum solution if we combine them with other solutions, which have finite 
action in four dimensions^. They are in fact crucial to recover some of the known 
U{1) instantons in the limit Sj^ — >• resp. S'j^ x S'j^ —>■ Wg, as we will see. 
Consider the following Ansatz 

Sf'^ = diag(4l^,...,4„^) (9.96) 

in terms of diagonal matrices (ignoring the size of the matrices for the moment). 
These are solutions of (9.4) in two cases, 

(i.e. df'i^ = in type B). The associated field strength is 

FiLjL = diag(4,i, 4J, Flr = 0, (9.98) 

and a similar formula for Fi^j^. The constraint term is then (B ■ B — ^^^^ ) — ^ — | 
for type A, and (B ■ B — ^^^^ ) —^^-^ for type B in the large N limit. In 
particular, only the type A solutions will have a finite contribution 

^Bu.on = ^(^ + ^^j ^^n (9.99) 



'as opposed to 2 dimensions, where their action goes to infinity for N oo. 
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to the action^, which fov N ^ oo is only due to the field strength. We will see 
below that these type A solutions can be interpreted as a localized flux or vortex, 
and we will call them fluxons since they will lead in the scaling limit to solutions 
on M.Q which we denoted as such [94, 49, 56]. 

One can now combine these fluxon solutions with the monopole solutions 
(9.93) in the form 

- ^. .0 (9.100) 

^ Hat-™, ® Af -'"^ 



I 



■L ^ "t 

diag(ci«,...,dfj 



These are now matrices of size Af — {N — mi){N — mn) + n, which must agree 
with J\f — N^. This is clearly possible for 

rriL = —rriR = m, n = m^, (9.101) 

while for —TnR the contribution from the fluxons would be inflnite since n 

would be of order A^. To understand these solutions, we can compute the gauge 
held from (9.5), 

= I {B^ - Af ® liv) = 4^(x^ x^). (9.102) 

To evaluate this, we flrst have to choose a gauge, i.e. a unitary transformation U 
for (9.100) which allows to express e.g. Af (S)lN-mii in terms of oc Af^® Ijv 
and xf oc Hat ® Af . For example, in the case tul = —ruR = m this can be done 
using a unitary map 



U: C^-"* (g) C^+"* e C"^' ^ (8) C^, (9.103) 
mapping a {N — m)x [N + m) matrix into a N x N matrix by trivially matching 

2 

the upper-left corner in the obvious way, and fltting C"* into the remaining 
lower-right corner. With this being understood, one can write 

i?Af(a;^,a;^) = (a^Af""^ - Af ) ® ]l^+„ (9.104) 
+Af ® (iN+m - Ijv) + (d-terms) 
= A^-\x'^) + smg{xl = -R,xi = -R) 

where Af^^\x^) is indeed the gauge held of a monopole with charge m on Si in 
the large N limit, as was checked explicitly in [96]. Here sing(a;3 = —R, x^ — —R) 

finite action can also be obtained for the type B solution using a slightly modified action 
(9.107), as discussed below. 
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indicates a field which is singular for large N and localized at the south pole of 
Sj^ and S]^. It originates both from cutting and pasting the bottom and right 
border of the above matrices using U (leading to singular gauge fields but regular 
field strength at the south poles), as well as the (i-block (leading to a singular 
field strength). To see this recall that in general for the standard representation 
(C.2) of fuzzy spheres, entries in the lower-right block of the matrices correspond 
to functions localized at X3 — —R, cp. (8.7). The gauge field near this singularity 
will be studied in more detail in chapter 10.2. The field strength is 

m T 1 \ ^ r 

FiLjL = -^^ijkXk + eijk^ 2^ dk^iPi (9.105) 

i=l 

in the commutative limit, where Pi are projectors in the algebra of functions on 
Sjq X of rank 1; recalling (8.7), they should be interpreted as delta-functions 
Pi — ^ (^^^^3^3 = —R). Similar formulae hold for Af^{x^,x^) and F^jji, while 
Flr = 0. 

We assumed above that these delta-functions are localized at the south poles 
^3 — ^3 — However, the location of these delta-functions can be cho- 

sen freely using gauge transformations. This can be seen by applying suitable 
successive gauge transformations using N — A:-dimensional irreps of SU (2) for 
k = 0,1, ...,m — 1, which from the classical point of view all correspond to global 
rotations, successively moving the individual delta-peaks. Therefore the solution 
(9.100) should in general be interpreted as a monopole on S"^ x with monopole 
number ttil — —ttir — m, combined with a localized singular field strength char- 
acterized by its position and a vector rf^j. We will see in chapter 10 that it 
becomes the fluxon solution in the planar limit Rg. 

The total action of these solutions (9.100) is the sum of the contributions from 
the monopole field plus the contribution from the fluxons (9.99), which both give 
the same contribution 

47]-2 

S^m) = (2m2 + 2m^) (9.106) 

in the large N limit, using (9.101). The first term is due to the global monopole 
field (9.94). and the second term is the contribution of the fiuxons through the 
localized field strength. 

The interpretation of these solutions depends on the scaling limit N ^ 00 
which we want to consider. We have seen that in the commutative limit keeping 
R — const, these solutions become commutative monopoles on x S'^ with 
magnetic charges uil = —rriR, plus additional localized fluxon degrees of freedom. 
For large R, the field strength of the monopoles vanishes, leaving only the localized 
fiuxons. In particular, we will see in the following chapter that in the scaling limit 
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^ ~^ only the fluxons survive and become well-known solutions for gauge 
theory on R^. 

A final remark is in order: if we fix the size J\f of the matrices, only certain 
fluxon and monopole numbers are allowed, given by (9.101). Otherwise the num- 
ber n of fluxons and hence the action would diverge with A^. This can be seen as 
an interesting feature of our model: viewed as a regularization of gauge theory on 
Mg, this points to possible subtleties of defining the admissible field configurations 
in infinite-dimensional Hilbert spaces and relations with topological terms in the 
action. On the other hand, we could accommodate the most general solutions 
including also type B solutions (9.97) by modifying the action similar as in [96]. 
For example, 

1 ff^BlBl , , Nl-1 ABlBl ^ ^ Nl-1 1 ^ 

~f J ' ' 4 — ' ^ ' ' 4 — ' +2^ia,jb^^a,jb) 

(9.107) 

leads to the same commutative action, but with a vanishing action for the Dirac 
string in the type B solutions. 

9.5.2 Spherical branes 

Consider the following solutions 

/ \N-m Q \ 

which are matrices of size Af — N"^. The corresponding field strength is 

^ rn 

FiLjL = ~WJ^^ijk^k + ^ijkj^, dk,iPi (9.109) 

i=l 

Frr = Flr = 

where Pi are projectors in the algebra of functions on Si of rank 1 which should 
be interpreted as delta- functions Pj = ^'■^''(^3 = —R)- In particular the 

gauge field A vanishes on S]^, while on Sj^ there is a monopole field together with 
a singularity at a point. This is similar to the fiuxons of the previous chapter, 
but now only on Sj^. This leads to the interpretation as a 2-dimensional brane 
located at a point on Sj^. The action for these solutions is infinite. In the limit 
^ ~^ the flux will be located at a 2-dimensional hyperplane. Such 
solutions for gauge theory on M.g were found in [1, 50], which would be recovered 
in the scaling limit S% x S% . 
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Chapter 10 



Gauge theory on from Sj^ x Sj^ 



We saw in chapter (8.3) that can be obtained as a scahng limit of fuzzy 
Sjf^ X -S"^^. Here we will extend this scaling also to the covariant coordinates S^, 
thereby relating the gauge theory on Sj^^ x Sff^ to that on M.j and hence providing 
a regularization for the latter. We will in particular relate the instanton solutions 
on these two spaces. 

On noncommutative M^, all t/(l)-instantons were constructed and classified 
in [50]. One can indeed recover these instantons from corresponding solutions 
on Sjf, as we will show below. However, since we are mainly interested in the 
4-dimensional case here, we will only present the corresponding constructions on 
'^Nl ^ '^Nr resp. M.g here, without discussing the 2-dimensional case separately. 
It can be recovered in an obvious way from the considerations below. 



The situation on M.g is more complicated, and there are different types of 
non-trivial U{1) instanton solutions on Wg. The instantons found by solving the 
noncommutative version of the ADHM equations [88, 41, 27, 55, 61] are hard to 
find in the fuzzy this construction relies heavily on selfduality, a notion 

which isn't naturally available in our formulation of x S"^ embedded in M^. 
But the four-dimensional fluxon solutions discussed in detail in chapter 7.3 can 
be recovered as scaling limits of the solutions (9.100) on 3%^ x Sjj^. In particular, 
the moduli of the fluxon solutions on will be related to the free parameters 
df'^ in (9.100). This supports our suggestion to use gauge theory on Sj^^ x 5"^^ 
as a regularization for gauge theory on Wg. 
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10.1 The action 

We saw in chapter 8.3 that the fuzzy space 5"^^ x 5'^^has a scaling limit to R^, 
with 9 cast in the following form: 

/ ^12 \ 

-9i2 

^34 

\ - 034 / 

This scaling can also be applied to the covariant coordinates S^, connecting 
the gauge theory on (S^^ x Sjf^to that on and therefore providing it with a 
regularisation. For the selfdual case (i.e. 9i2 > and ^34 > 0) we can define 



9 



IJ,V 



(10.1) 



2^ rL 

Nr 



Bio > 



29 



34 uR 



R 



Bi o > 



0- 



L,R 



B 



2 ■ Nl,r 

The antiselfdual case (6*34 < 0) can easily be reached by setting e.g. 



4/3 



29 



34 nR 



N. 



R 



JOU 

Bl/2^ 



(10.2) 

(10.3) 
(10.4) 

(10.5) 



but for simplicity we will limit us to the selfdual case in the following. The X 



will become the covariant coordinates on in the limit N, 



L/R 



00, and the 



an auxiliary field. To see this we now blow up the spheres by setting 



Inl9s4 = Inr9u. 



(10.6) 



With this double scaling limit R, N ^ 00 keeping 9 fixed we calculate for the 
field strength 

-^[Xi,Xs], etc., (10.7) 



1 
1 



{B^: + i[B^,Bi]) 
(B^ + i[B^,B^]) 



'12(734 



-,{B^ + z[BtB^]) = 



9l29: 



I2C34 



[x, + i[X2,cl>']-^jX2,{Xir]) 

L_(x, + .[x„0V^[x.(x.)^]) 

9u + t[Xi,X2] 



^12^34 -R^ 

^12^34 
1 



^12^34 



^12^34 
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Analogous expressions hold for B^^. For the potential term we get 

We immediately see that the only terms from action (9.1) involving 0^'^ are 

^i<p'f+^i<py+o{h, (10.9) 

and therefore we can integrate them out in the limit — > oo. In the leading order 
in R the remaining terms give the standard action 

^ ^ " 2?4^ / ^'^^ " 

for a gauge theory on for general 9fj_i,- The are interpreted as covariant 
coordinates, which can be written as^ 

X^^x^ + A^. (10.11) 

Hence the gauge fields Aj^ describe the fluctuations around the vacuum. In par- 
ticular, note that our regularization procedure clearly fixes the rank of the gauge 
group, unlike in the naive definition on as discussed in chapter 7.2. The 
generalization to the U (n) case is obvious. 



10.2 Inst ant ons on from S% x S% 

With the scaling limit of chapter 10.1, the gauge theory on Sj^ x 3% provides us 
with a regularization for the gauge theory on M.g. Of course, such a regularization 
might affect the topological features of the theory, an effect we want to investigate 
in this chapter. For this, we will map the topologically nontrivial solutions found 
in chapter 9.5 on S% x S% to Rg. 

Consider again the solutions (9.100) that combine the fluxon solutions with the 
monopoles, with the fluxons at the north pole instead of the south pole because 

^we do not distinguish between upper and lower indices 
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we want to study their structure. Their scaling limit as in (10.2) gives 

for i = 1, 2. Recalling that the rescaled Ai^2 on 5"^^ x 5"^^ become the x±'s on M.g 
in the scaling limit 

we see that (10.12) and (10.13) become the instantons (7.32, 7.33) on R^, 

n 

X, + iX2 ^ X^^l = Sx+lS^ + J2^^h,Jk){tk,Jk\, (10.14) 

fc=i 

n 

x3+iX4 ^ x^;:i^ sx+rS^ + J21kh,Jk){^k,Jk\■ (10.15) 



fe=i 



Here the ((ij)-block acting on a basis \ik,jk) of C = C'^ becomes the 
projector part of (10.14, 10.15) with 



'29_ 
TV 

TV 



^ Re7,^'^, (10.16) 



and the monopole block becomes Sx^S^ where is a partial isometry from Ti. to 
Tl\Vn. Note that we can recover any value for the 7's in this scaling, solving the 
constraint didi = ^ by ^3 ^ y. Therefore the full moduli space of the fluxon 
solutions (7.32, 7.33) on can be recovered in this way. Furthermore, the mean- 
ing of the parameters 7^'^ is easy to understand in our approach: Note first that 
using a rotation (which acts also on the indices) followed by a gauge transforma- 
tion, the di can be fixed to be radial at the north pole, df'^ ~ (0, 0, N/2). This is 
a fluxon localized at the north pole. Now apply a translation at the north pole, 

1 2 

which corresponds to a suitable rotation on the sphere. As the 7;^,' , according to 
(10.16), are the projections of the vectors df'^ onto the surface of the spheres, 
rotating the vector df'^ in the scaling limit amounts to a translation of the 7^'^, 
which therefore parametrize the position of the fluxons. 

It has been noted [37] that the S'x+S'^ correspond to a pure (but topologically 
nontrivial) gauge, which can qualitatively be seen already in two dimensions. 
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There, the partial isometry S : \k) \k + n) is basically [-^^===)"' ~ {^^-j^)"' ~ 
^irnp therefore the gauge field Ai = SdiS"^ has a winding number n. The 
topological nature of the Sx+S^ is even more evident in our setting, as they are 
the limit of the monopole solutions (9.92,9.93) on 5"^ x S]^. Moreover, note that 
their contribution to the action (9.106) survives the scaling: even though the field 
strength vanishes as i? — >• cxo, the integral gives a finite contribution equal to the 
contribution of the fluxon part. This topological "surface term" is usually omitted 
in the literature on R^, but becomes apparent in the regularized theory. 

So it seems that we recovered all the instantons of chapter 7.3, but in fact there 
is an important detail that we haven't discussed jet. It is the embedding of the 
n-dimensional fluxons and the {N — m){N + m)-dimensional monopole solutions 
into the A^^-dimensional matrices of the ground state. Such an embedding is 
clearly only possible for n — m^. This means that the regularized theory has a 
superselection rule for the dimension of the allowed instantons, a rule that did 
not exist in the unregularized theory^. 

One way to allow arbitrary instanton numbers is to allow the size M of the 
matrices to vary. However, this is less satisfactory as it destroys the imification of 
topological sectors, which is a beautiful feature of noncommutative gauge theory. 
On the other hand, the type B solutions (9.97) together with the changed action 
(9.107) might allow the construction of the missing instantons. The idea is to 
fill up the imnecessary — n places with cij = 0. The changed action would 
not suppress such solutions any more, and in fact they would not even contribute 
to the action. This amounts to adding a discrete sector to the theory which 
accommodates these type B solutions, but decouples from the rest of the model. 
Whether or not one wants to do this appears to be a matter of choice. This 
emphasizes again the importance of a careful regularization of the theory. It 
would be very interesting to see what happens in other regularizations e.g. using 
gauge theory on noncommutative tori or fuzzy CP^. 



^Note that this is difTcrcnt in two dimensions. There, a rank n fluxon can be combined 
with a {N — n)-dimensional monopole block and all the instantons on Rg can be recovered. 
Furthermore, the actions for the fluxons and the monopoles scale diflFerently with N. Therefore, 
in two dimensions, the action for the monopoles vanishes in the scaling limit that produces a 
gauge theory on with rescaled coupling constant. 
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Appendix A 

Brackets, forms and frames 

A.l Definitions of the brackets 
A. 1.1 The Schouten-Nijenhuis bracket 

The Schouten-Nijenhuis bracket for multivectorfields tt^ = nl^"'^'^'dij^ A ... A 9^^,^ 
can be written as ([7], IV. 2.1): 

[7ri,7r2]s = (-l)'-^-Vi .TTs - (-Ij'^i^'^^-lVs .TTi, (A.l) 



TTi.TTs = J](-l)^-Vr-"*^a;7r^"-"=^a,, A. . .Adi,A. . .Ad,,^ Adj,A...Adj,^, (A.2) 
1=1 

where the hat marks an omitted derivative. 

For a function g, vectorfields X — X^dk and Y — Y^dk and a bivectorfield 
TT = \'K^^dk A di we get: 

[X,g]s = X'^dkQ, (A.3) 
['^,9]s = -n'^^dkgdi, 

[X,7r]s = ^{X'^dkTr'^ -Tr^'dkX^ + 7r^''dkX')diAdj, 
A. 1.2 The Gerstenhaber bracket 

The Gerstenhaber bracket for polydifferential operators As can be written as 
([7],IV.3): 
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[Ai, A^h ^A,oA2- [-lf\M-mA.\-i)A^ „ (A.4) 

(AioA2)(/l,... /mi+m2-l) (A.5) 

mi 

= X/^"-'-''^™^ • • • /j-l' ^2(/j, • • • , /i+ma-l), /i+m2) • • • , /mi+ma-l), 

where 1^451 is the degree of the polydifferential operator As, i.e. the number of 
functions it is acting on. 

For functions g and /, differential operators Diand D2 of degree one and P 
of degree two we get 



[D,g]G = D{g), (A.6) 

[P,g]G{f) = Pig,f)-P{f,g), 

[D,,D2]G{g) = D^(D2(g)) - D,{D,(g)), 

[P,D]G{f,g) = PiD{f),g) + P{f,D{g))-D{P{f,g)). 



A. 2 Noncommutative forms 

We are now able to introduce noncommutative forms as well. If we have a map 
6 from the Poisson vector fields to the derivations of the T*r-product algebra, we 
have seen that there is a natural Lie-algebra structure 

[Sx,Sy] = 5ix,y]., (A.7) 

over the space of these derivations. On this we can easily construct the Chevalley 
cohomology. Further, again with the map S, we can lift derivations of the Poisson 
structure to derivations of the ★-product. Therefore it should be possible to pull 
back the Chevalley cohomology from the space of derivations to the Poisson vector 
fields. This will be done in the following. 

A deformed /c-form is defined to map k Poisson vector fields to a function 
and has to be skew-symmetric and linear over C. This is a generalization of 
the undeformed case, where a form has to be linear over the algebra of functions. 
Functions are defined to be 0-forms. The space of forms fl^M is now a T*r-bimodule 
via 

{f*u;*g){X,,...,Xk)^f*u;{X,,...,Xk)*g. (A.8) 
As expected, the exterior differential is defined with the help of the map S. 



Slli{Xo, . . .,Xk) = 



(A.9) 
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k 

^(-ir5x,c^(Xo,...,x,,...,x,) 

j=0 

+ {-^r^'^{[Xi,Xj],,X,,...,X,,...,X^,...,Xk). 

0<i<j<k 

With the properties of 5 and [•, it follows that 

5^uj = 0. (A.IO) 

To be more explicit we give formulas for a function /, a one form A and a two 
form F 

5f(X) = 5xf, (A.ll) 
SA{X,Y) = SxAy - SyAx - A[x,YU, 
5F{X,Y,Z) = 5xFy,z-5yFx,z + 5zFx,y, 

-F[X,Y],,Z + F[x,z\,,Y - F[Y,Z\^,X- 

A wedge product may be defined 

a;i Aa;2(A:i,...,A:p+,) = (A.12) 
^ J) ■ ■ ■ , ^ip) ^ ^2(A:,-i, . . . , XjJ 

where (/, J) is a partition of (1, . . . ^p+q) and £(/, J) is the sign of the correspond- 
ing permutation. The wedge product is linear and associative and generalizes the 
bimodule structure (A. 8). We note that it is no more graded commutative. We 
again give some formulas. 

{f^A)x = (A.13) 
{A^f)x = Ax^f, 
{A^B)x,Y = Ax~)^By - Ay*Bx. 

The differential (A. 9) fulfills the graded Leibniz rule 

5(001 A 002) = Sui A 002 + (-1)''' oui A 5uj2. (A. 14) 



A. 3 Frames 



We will now propose a method how to find frames and Poisson structures of quan- 
tum groups that are compatible. On several quantum spaces deformed derivations 
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have been constructed [99, 72, 24]. In most cases the deformed Leibniz rule may 
be written in the following form 

Ufg) = djg + (A.15) 

where T is an algebra morphism from the quantum space to its matrix ring 

r/(/5) = r/(/)r/(^). (a.i6) 

Again in some cases it is possible to implement this morphism with some kind of 
inner morphism 

r/(/) = e//e/, (A.17) 

where Ca'^ is an invertible matrix with entries from the quantum space. If we 
define 

ea = ea^d^, (A.18) 

the Ca are derivations 

ea{f9)=ia{f)9 + fea{9). (A.19) 

The dual formulation of this with covariant differential calculi on quantum spaces 
is the formalism with commuting frames investigated for example in [32, 76, 23, 
77]. There one can additionally find how our formalism fits into the language of 
Connes' spectral triples. 

We can now represent the quantum space with the help of a T*r-product. For 
example, we can use the Weyl ordered i^r-product constructed in chapter 3.3. 
Further we can calculate the action of the operators ia on functions. Since the ia 
are now derivations of a ★-product, there necessarily exist Poisson vector fields Ca 
with 

Sea = (A.20) 
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Appendix B 

Calculation of the SW-map to all 
orders 

B.l Calculation of [e^ Ot] and [e^ Xt] 

We want to show that Of is still a Poisson tensor and that Xf still commutes with 
9t. For this we first define 9{n)f = (Of)^ = ^'^Vii ■ ■ ■ O^'fsi = fnO'^ ■ ■ ■ frsO'" = 
(/e)" and ^(n)*^' = ^(/^)" = O'^'fij . . . frsO'K In the calculations to follow we will 
sometimes drop the derivatives of the polyvectorfields and associate n'^^'"'^" with 
^ki...k„ iQ^^ A ... A dk„ior simplicity. All the calculations are done locally. 
We evaluate 



[9t,9t]s = e'l^el' + c.p. in {kij) (B.l) 

oo m 

= 5^(-^)"^"'^(^)r^(o)^^("^ - o^e^-^die^p + c.p. in (kij) 

n,m=0 0=0 

oo m 

+ J2 J2^-tT^"'^^0{n)''^0{oy'0{m - oY^difSp + c.p. in (kij) 

n,m=0 0=0 

oo 

= Yl {-tT^""^°0{ntd{o)\d{m%d''di9'P + c.p. in {kij) 

n,m,o=0 
oo 

- {-tr^'"^"^'d{nfe{oy'e{mypdiU + c.p.m{kij). 

n,m,o=0 

The first part vanishes because 9t is a Poisson tensor, i.e. 

[6, e]s = e^^diO'^ + c.p. in {kij) = 0, (B.2) 
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the second part because of 

dkfij + c.p. in (kij) = 0. (B.3) 
To prove that still commutes with 6t, we first note that 

oo 

Xt ^xj2i-m = ^(1 - m)- (B.4) 

n=0 

With this we can write 

[Xt,et] = [x,et]-t[xfet,et] (b.5) 
= x^'djf - e^^'dnX^ + e^^dnX^ 

—t^ Jmi^t ^n^t +'^^t On\y^ Jmi^t ) ~ '^^t ^n\^ Jmi^t ) 

= x^'dnOf - e^^'dnX^ + el^'dnX'' 

ij.nkn(^ vm £ nil A f Qi^ 

OnA Jrnfii — C„A JmiOt 

ij.nkuY'raf) £ nil +aln V^f) f 

In the last step we used (B.2). To go on we note that 

j-nkuv-mpi f nil f Qik +V^Qk^Pi f Qi^ (Vi P.\ 

A OnJmi^t ~'^^t ^ (Jnjmi^t Onjmi^t i l^-Oj 

where we used (B.3). Making use of the power series expansion and the fact that 
X commutes with 6, i.e. 

[X, 9] = X^'dnO^^ - e^^'dnX^ + e^'^dnX^ = 0, (B.7) 

we further get 

oo 

X^djf + tXX'^dnfmiO'i = Y.^-tr^'e{r)\X^dj'^e{s)) (B.8) 

r,s=0 
oo 

= Y.{-tr^'e{r)\e'^dr,x^e{s)] 



r,s=0 
oo 



Y,{-'tT^"^{^fi^'"dnX'e{s)\. 

r,s=0 



Therefore (B.5) reads 
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(B.9) 



r,s=0 

oo 



r,s=0 



aknpi I Q^^Pi , j.nkn':) vrn r nil +Qlnf\ vm i- nik 



= 0. 



B.2 Calculation of the commutators 
B.2.1 Semi-classical construction 

We calculate the commutator (5.115) (see also [66]), dropping the t-subscripts on 
9t for simplicity and using local expressions. 



+e'''dkgdie'^ajd, + e'^'dugO'^dia.d, 
^ -e^^due'^a.d.gdi - e^'e'^a.dAgdi 
= +e''fjke'''d,gdi 9''dk{e''ajdig)di 
= -de/eg + de{ag{g)) 
= -dt{d0)g + d0{ae{g)). 



(B.IO) 



d'^'e^W^akdigdi 



For (5.116) we get 



[ae,Xt] = O'^ajd.X^dk- X'^dkO'^ajdi-X^e'^dkajdi (B.ll) 

= -e'^X^dka^di - e'^dkX'^ajdi 

= x''h^9'^d, + e'^d,{x''ak)d^ 

= -dtX-de{X^ak). 



B.2. 2 Quantum construction 

In [79], (5.97,5.98,5.101) have already been calculated, unluckily (and implicitly) 
using a different sign convention for the brackets of polyvectorfields. In [66], again 
a different sign convention is used, coinciding with the one in [79] in the relevant 
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cases. In order to keep our formulas consistent with the ones used in [79, 66], we 
define our bracket on polyvectorfields tti and 7r2 as in [79] to be 

[7ri,7r2] = -[7r2,7ri]5, (B.12) 

giving an extra minus sign for tti and 7r2 both even. The bracket on polydifferential 
operators is always the Gerstenhaber bracket. 
With these conventions and 

4 = -[•,*] (B.13) 

we rewrite the formulas (5.101,5.99,5.97,5.98) so we can use them in the fol- 
lowing 



mX),^g)]G = mX,g]) + <if{[9,g],X)-<if{[9,X],g), (B.14) 

mX),^Y)]G = d,^{X,Y) (B.15) 
+$([X, Y]) + ^{[9, YiX)- ^{[9, X], r), 

dMg) = Hdg{g)), (B.16) 

= ^deiX)). {B.17) 

For the calculation of the commutators of the quantum objects we first define 

a* = Hag,) (B.18) 

and 

/* = *(^). (B.19) 
With (B.17) we get the quantum version of (5.114) 

h = 4a*. (B.20) 

For functions / and g we get 

oo ^ 

W^g) = 5^-ra,^n(^t, ...,^t)(/,^) (B.21) 

n=0 



oo ^ 



With these two formulas we can now calculate the quantum version of (5.115) 
as in [66]. On two functions / and g we have 
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dtif^g) = Mf,9) (B.22) 
= -[a^,-k]{f,g) 

= -a*(/*5') + a*(/)*5' + /*«*(^), 
where we used (A. 6) in the last step. Therefore 

= aMi9)if)) - dMMf)) (B.23) 
= a.i[f1g])-[a,if)^g] 

= -d,[f ^, g] - [a.{g) U'] 

- -dtd.{g){f) + d4a^{g)){f). 

For a function g which might also depend on t the quantum version of (5.115) 
now reads 

[a^ + dt,d^{g)]^d^ia^ig)). (B.24) 
We go on to calculate the quantum version of (5.116). We first note that 

dMXt) = V - — —dtUniXt, et,..., Ot) = ^dtXt) + *(/,, Xt). (B.25) 

^-^ in — 1)! 

n=l ^ ' 

With this we get 

[$(a,),$(Xi)] = 4^(a,,Xi) + $([a,,Xi]) (B.26) 
-m{[etae\) + ^{[et,Xtlae) 
= 4*(a,, Xi) + $(-d,(Xf afc)) + $(-9iXt) - m{fe, Xt) 
= -cZ,($(Xfafc)-v|/(ae,Xi))-ai$(Xi), 

where we have used (B.15). 

B.3 The transformation properties of Kt 

To calculate the transformation properties of Kt{X^ak), we first evaluate 



n— 1 



5x{{a0 + dtr)X''ak = J^^ag + dtyde{X){ae + dtT-'-'X^ak (B.27) 

1=0 

n—l i / .\ 
-.=0 1=0 ^ ^ 
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and 



{ae + dtTdxiX'^ak) (B.28) 
= {ae + dtYX^dk\ 



n-l 



i=0 

i=n i-^n \ J / 



=0 j=Q 

de{{ae + dtr-'~'~^{X''a,)){\) 



n—l n—l—i / 1 'X 



1=0 j=0 

de{X){{ae + dtr-'-'-^{X''ak)) 

n—l n—l—i i+j 



X 



=0 j=0 1=0 

de{{ae + dt)\\mae + dtY'^-'iX^ ak)) . 



We go on by simplifying these expressions. Using 



n—l m / -, -x / \ n—l / \ / 



we get 

n— 

EE (■ „ ' j (7j (-1)"-'-" - E Cj (Tj (-1)"-" (B.30) 

Using (B.29) again two times and then using induction we go on to 

E(:)(T)(-)"-— E(::;:;). (b-) 

m=l \ / \ / i=0 ^ ^ 

giving, after using (B.29) again 

e(::::;)4;)- (b-) 



i=0 
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Together with 

these formulas add up to give 

|EC-r)(T)(-)--g(^(::0 <b-. 

and therefore 

5xiKt{X'^ak)) = X'^dkiKtiX)) + de{Kt{\))Kt{X^ak). (3.35) 
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Appendix C 
Representations 

C.l The standard representation of the fuzzy sphere 

The irreducible A/'-dimensional representation of the su{2) algebra Aj (8.3) is given 

by 

(A3).. = Sm ^^I'^'' , (C.l) 
iX+)ki = 5k+i,iViN-k)k, (C.2) 

where k,l — 1, N and A± = Ai ± 1X2. 

C.2 Representation of the SO {6)- intertwiners and 
CHfford algebra 

Latin indices i, j will run from 1 to 3, whereas Greek indices /i, u, ... denote all 
the six dimensions, i.e. both the three left and the three right indices. We will 
use the Pauli matrices 

^'Kio)' ^<'^)^ ''^(o-i)' 

which satisfy 

a'a^ = 5'^ +is'->''a\ (C.4) 
With these we define the 4-dimensional antisymmetric matrices 

7j^ = i cr^ (g) 7|j = i 1 (g) (7^, 7I = i (g) a^. ^ 
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They are the intertwiners between SU{4:) ® SU{4:) and 5*0(6) and fulfill the 
following relations: 

(7l)^ = 7l, (C.6) 

and 

7i7i = S^' + i^hl (C.7) 
[71,7^ = 0. 

We can now define the 8-dimensional representation of the 5'0(6)-Clifford algebra 
as 

= ( ^0 ) ' (^-^^ 

with the desired anticommutation relations 

{r^n=(^^ ^.v + ^.v)=2<5- (C.9) 

The chirality operator in this basis is 

r = .riririr],r|r| = -1 (c.io) 

The 8-dimensional 5'0(6)-rotations are generated by 
If we define 

E'''^ = -^(7^7'^t_^-^Mt) and e''" = -1(7^V - (C.12) 



the Clifford algebra transforms as 



■puV 



Explicitly we have 

E^^^-^= -i[7i,7i] -S^^'^ (C.14) 

S^''^'^'^ i[7)j,7a =2^''''', (C.15) 

E^«^-^= -i{7].,7i} =-S'^''^ (C.16) 
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and therefore 

Pj'''.ri = (p..,x^,t] P'^^'^'l), (C.17) 

Ps^^^'^''] ^ ( ^ o'^"^)' (C.19) 
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Appendix D 

Calculations for the matrix model 
approach 



D.l Alternative formulation using AJ\f x4J\f matri- 
ces 

Let us rewrite the action (9.32) in terms of the 4J\f x 4J\f matrices Bl,Br (9.20). 
Noting that 

ClCr + CrCl = ^^^q' ^""^ j^^^^^j ) (D.l) 
we can rewrite Sq (9.28) as 

= 2IV I^Bl -Bl-—j +2Tr ([S^, En]') , (D.2) 
where the trace is now over 4J\f x 4J\f matrices. Similarly 

3^ I / 



^break = -4Tr [Bt - ^ j [-B'r - — j (D.3) 

and combined we recover (9.1) as 

S^S,- 5break = 2Tr (^(i?i - —f + {-3^ - —f + [Bl, Bn]'j . (D.4) 

This looks like a 2-matrix model, however the degrees of freedom Bl, Br are still 
very much constrained and span only a small subspace of the 4J\f x 4J\f matrices. 
We would like to find an intrinsic characterization without using the 7^ explicitly. 
One possibility is to choose the 7^ to be completely anti-symmetric matrices, 
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see Appendix C.2. However this does not extend to B, since the B^ should be 
Hermitian and not necessarily symmetric, and moreover the are not Hermitian 
(the conjugate being the intertwiner (6) C (4) (8) (4)). Another possibility is 
provided by the following representation of the 7-matrices: 



7]^ = cr' (8) 12x2, lR^hx2 



(D.5) 



They satisfy the relations (9.16) 
that 



(9.19), but are not antisymmetric. Now note 



where 



/ 1 










1 + (7* (8) a') 



permutes the two tensor factors and satisfies 



(D.6) 



(D.7) 



(D.8) 



Therefore we can characterize the degrees of freedom in terms of 2 Hermitian 
2N X 2M matrices 



Xr — S]jcr, 



1 

+ 2 



which are arbitrary up to the constraint that X° ^ = 

Si = Xi 12x2, Br = iP{Xr^ 



Then 



1 

2 • 

' ]12X2)P; 



(D.9) 



(D.IO) 



they could be extracted from a single complex matrix B = {Xi + iXr) ® 12x2- 
Furthermore, matrices of the form X I2X2 are characterized through their spec- 
trum, which is doubly degenerate; indeed any such Hermitian matrix can be cast 
into the above form using suitable unitary SU{4J\f) transformations. Similarly, 
P can also be characterized intrinsically: any matrix P written as 



P = Po «) l2x2 + Pi^cr' 



which satisfies the constraints 



Pn = 



2' 



1 



(D.ll) 



(D.12) 



is given by (D.7) up to an irrelevant unitary transformation [/ (8) 1. We could 
therefore write down the action (D.4) in terms of three matrices Bl, —iPBrP 
and P, all of which are characterized by their spectrum and constraints of the 
form (..)o = \. The hope is that such a reformulation may allow to apply some 
of the powerful methods from random matrix theory, in the spirit of [96]. 
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D.2 Stability analysis of the 50(6) - invariant ac- 
tion (9.28) 

Consider the action (9.28). We will split off the radial degrees of freedom for large 
N by setting^ 

BiL^ XiL + AiL^ XiL + AiL + XiL^L (D.13) 

requiring that XiLAiL = 0, and similarly for Bm, The stability of our geometry 
will depend on the behavior of and We calculate that 

-1 1 
B^B^ ^ = N{^l+^r)+^l^l+^r^r+A^,A^,-[X^,A^,]+0{-), (D.14) 

where we used that XiaAia = and therefore both AiaXia = ^ijf) and Aia[Xia, ■] ~ 
0{j^) for a = L,R. Setting 

+ = $1, (D.15) 

we get 

A^^ - 1 1 
B^B^ 2— = + ^1^1 + + A^A^ - [X^, A^] + 0{-). (D.16) 

In the limit A?" — > oo we can integrate out $i. as it acquires an infinite mass. Al- 
ternatively we can rescale $i by setting (pi = jj^i- Then, all the terms involving 
01 but the first one in (D.16) will be of order and we can equally integrate out 

The terms from 

FuFiL + FiRFiR - BiRf (D.17) 

with — \^ijkFjLkL etc. involving the remaining $2 will be (in the limit 
N ^00) 

^$2^2 - J^{^2)J„{^2) - FiLXiL^2 + FiRXiR^2 (D.18) 

with the tangential derivatives = —i^ijkXjadka- Calculating that 

J^$2^M*2 = -d^^2d^,^2 - XiLdiL^2XjLdjL^2 " XiRdiR^2XjRdjR^2 (D.19) 

and using partial integration under the integral this gives 

]^^2^2-^2d^,d^^2-XiLdiL^2XjLdjL^2-XiRdiR^2XjRdjR^2-FiLXiL^2 + FiRXi^^ 

(D.20) 

^the fact that this leads to non-hermitian fields for finite N is not essential here 
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Expanding both $2 and F in left and right spherical harmonics as 

^2 = ^ CklmvXkrrXln ^^^^ FiaXia — ^ fklmvXkwXln (D-21) 

klmn klmn 

we get for fixed klmn, setting c = Ckimn, /" = fkimn l + K^ + ^) + ^(^ + 1) 

the following expression 

pc' - cf + c/« = p{c - 1/^ + - ^(/' - (D-22) 

Integrating out the c's and putting everything back this leaves us with the addi- 
tional term 

-{FiLXiL - FiRXiR) ^ A FiLXiL - FiRXin) (D.23) 

4(^2 '^n'^n! 

in the action (9.28). 



D.3 The Dirac operator in spherical coordinates 

For a general Riemannian manifold with metric 

g = g^^dx^dx'' (D.24) 
the Christoffel symbols are given by 

= \9''\^^^9x^ + - ^A^,..). (D.25) 

We can change to a non-coordinate basis (labeled by Latin indices in contrast to 
the Greek indices for the coordinates) by introducing the vielbeins with 

With these, the Dirac operator is given by 

D = -i^e^Sd, + \^,aAr, 7I), (D.27) 
where the 7" form a flat Clifford algebra, i. e. 

7*'} = 25"'' , 7«t = 7« (D.28) 
and the spin connection uj fulfills 

5X-r>U<6e^ = 0. (D.29) 
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D.3.1 The Dirac operator on in spherical coordinates 

We will now write down the flat 5*0(6) Dirac operator Dq by splitting into 
M| X and introducing spherical coordinates on both the left and right hand 
side. The flat metric becomes 

ge = rl (IOl ® dOi + sin^ Ol d4>L ® d(t)L + dvL ® dvL (D.30) 
+rji dOn (8) dOn + r| sin^ 6r d(j)R (8) d(j)R + drn (8) drR. 

Looking at the formula for the Christoffel symbols (D.25), we see that all the 
symbols with both right and left indices vanish. For the symbols with only right 
or only left indices we get 

(D.31) 



J- 0</. 


= — sin 9 cos 6, 


p0 
^ ee 


cos 9 . 

~ sine' 't''' 
= -r, 




= — rsin^^, 


r^e 
^ re 


- 


p</) 

^ r(l> 


_ 1 _ p0 



where we have dropped the left or right subscript for simplicity. All other symbols 
vanish. We want to go to a non-coordinate basis by introducing the vielbeins 

eJ^^=riSin^i; el^^l- (D.32) 
ell^TL-, ell^rRsmen; ef^ ^ 1. (D.33) 

Calculating the spinor connection by (D.29), we again see that all the terms with 
both left and right indices vanish. The terms with only left or only right indices 
are 

-cos^ =-c^A' (D-34) 

^e^3 = 1 = -^/i' 

where we again dropped the left or right subscripts. Putting all this together we 
see that Dq splits up into a left part D^l and a right part D^r as 

De = DsL + D^R (D.35) 
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with 

where the T have to form a 50(6) Clifford algebra. 



D.3.2 The Dirac operator on S'^ x S'^ 

We now want to calculate the curved Dirac operator D4 on 5*^ x in the spherical 
coordinates of the spheres (they are the same spherical coordinates we used before, 
now restricted to the spheres). The metric on 5"^ x 5"^ with radii and is 

= rl dOi ® dOi + rl sin^ Ol d(pL ® d(pL (D.38) 
-\-r\ d9ji (g) dOu + sin^ Or dcpR (8) dcpR. 

The metric is the same as (D.30) restricted to the spheres, so the Christoffel 
symbols are the same as (D.31). Again introducing the vielbeins 

4l-rL; ell^rLsinOL; (D.39) 
4^=^^; ell = rRsmeR, (D.40) 

we see that also the spin connection is the same as (D.34), and therefore we can 
again split into a right part D2R and a left part D2L as 1^4 = D2L + D2R with 

where the T form a flat 50(4) Clifford algebra. 



D.3.3 SO{3) X S'0(3)-covariant form of the Dirac operator 
on X 

The flat 50(6) Dirac operator Dq can be split into a left part D^l and a right 
part D^R using spherical coordinates in D.35. Of course, Dq can also be written 
in the usual Euclidian coordinates as 



(D.43) 
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where again we can split it into a left and a right part as 

Da = DsL + D3R (D.44) 

with 

DsL = -tTid^, DsR = -iVndi, (D.45) 
{Dsl,Dsr} = 0. 

We have left open which representation of the 5*0 (6) Clifford algebra we want to 
use for the T in (D.36,D.37), but F in (D.45) is really the representation given by 
(9.21). We will now relate the two expressions for the Clifford algebra and the 
Dirac operator by first defining 

JiL = -i^ijkXjLdkL and JiR = -ieijkXjRdkR (D.46) 

and noting that 



(D.47) 



We calculate that 

2 




^R^jR \ ( ^iRdiR , ^ f Yr 



J.R , (D.49) 



^ R^m I 1 ' \ n ^/i 

r-R ) \ r-R ) \ r-R tr \ yj 1r 

and therefore 

- (^) i'-^ - 4 ( '0 Ti 1 '-^ !■ f^-^") 

Comparing this with (D.36,D.37) we see that 

-3 friXiL\ J ^3 f^RXiR 



^L=[^) and r^,= (^l^j, (D.52) 

as the Jl and Jr have no radial components. From (D. 50, D.51) we can also 
deduce that 
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and 

{r^,(° J)} = o = {rl,(_°i I)}- (D.54) 

The curved Dirac operator D4 on x expressed in the spherical coordinates 
of the spheres also splits up as = D2L + D2R with right part D2R and left 
part D2L given in (D.41,D.42). Comparing this with (D.36,D.37), we see that the 
dependence on the tangential coordinates is the same in both expressions. With 

(D. 53, D.54) we see that the matrices g ^ T^F^ and ^ '^j^ q ^ ^/i^i? 

for i,j = 1,2 form a S'0(4) Clifford algebra and can therefore be used as the F. 
Note that this representation is still reducible, a problem we deal with in chapter 
9.4.2. Now we can get a simple relation between the restricted on the spheres 
and the D2 

' = D2L, (D.55) 
= D2R. (D.56) 
Inserting (D.50,D.51) and using (D.52) together with (D.47) we find that 

D2L = ;^(rU^+(S (D-57) 

D2R = ^{ViR + ^( I))- (D-58) 







1 

tl 


:) 


3 

(^r^-^SR res. 


1 

rR 



rR 



Setting = r/j = 1 for simplicity, the Dirac operator D4 on x takes the 
form (9.43). 



137 



Bibliography 



[1] M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, Unstable 
solitons in noncommutative gauge theory, JHEP 04, 001 (2001), [hep- 
th/0009142]. 

[2] G. Alexanian, A. P. Balachandran, G. Immirzi and B. Ydri, Fuzzy CP{2), 
J. Geom. Phys. 42, 28 (2002), [hep-th/0103023]. 

[3] J. Ambjorn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, Finite N 
matrix models of noncommutative gauge theory, JHEP 11, 029 (1999), 
[hep-th/9911041]. 

[4] J. Ambjorn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, Lattice 
gauge fields and discrete noncommutative Yang-Mills theory, JHEP 05, 
023 (2000), [hep-th/0004147]. 

[5] J. Ambjorn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, Nonpertur- 
bative dynamics of noncommutative gauge theory, Phys. Lett. B480, 399 
(2000), [hep-th/0002158]. 

[6] H. Aoki, S. Iso and K. Nagao, Ginsparg- Wilson relation, topological invari- 
ants and finite noncommutative geometry, Phys. Rev. D67, 085005 (2003), 
[hep-th/0209223]. 

[7] D. Arnal, D. Manchon and M. Masmoudi, Choix des signes pour la formalite 
de M. Kontsevich, [math.qa/0003003]. 

[8] P. Aschieri et al., A gravity theory on noncommutative spaces, [hep- 
th/0504183]. 

[9] A. P. Balachandran, T. R. Govindarajan and B. Ydri, The fermion doubling 
problem and noncommutative geometry. II, [hep-th/0006216]. 

[10] A. P. Balachandran and G. Immirzi, The fuzzy Ginsparg- Wilson algebra: A 
solution of the fermion doubling problem, Phys. Rev. D68, 065023 (2003), 
[hep-th/0301242]. 



138 



Bibliography 



[11] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, De- 
formation Theory and Quantization. 1. Deformations of Symplectic Struc- 
tures, Ann. Phys. Ill, 61 (1978). 

[12] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, De- 
formation Theory and Quantization. 2. Physical Applications, Ann. Phys. 
Ill, 111 (1978). 

[13] W. Behr et al., The Z -> gamma gamma, g g decays in the noncommutative 
standard model, Eur. Phys. J. C29, 441 (2003), [hep-ph/0202121]. 

[14] W. Behr, F. Meyer and H. Steinacker, Gauge theory on fuzzy S"^ x S"^ and 
regularization on noncommutative R^, accepted by JHEP (2005), [hep- 
th/0503041]. 

[15] W. Behr and A. Sykora, Construction of gauge theories on curved noncom- 
mutative spacetime, Nucl. Phys. B698, 473 (2004), [hep-th/0309145]. 

[16] W. Behr and A. Sykora, NC Wilson lines and the inverse Seiberg-Witten 
map for nondegenerate star products, Eur. Phys. J. C35, 145 (2004), [hep- 
th/0312138]. 

[17] D. Brace, B. L. Cerchiai, A. F. Pasqua, U. Varadarajan and B. Zumino, A 
cohom,ological approach to the non-Abelian Seiberg-Witten map, JHEP 06, 
047 (2001), [hep-th/0105192]. 

[18] X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, The standard 
model on non- commutative space-time, Eur. Phys. J. C23, 363 (2002), [hep- 
ph/0111115]. 

[19] X. Calmet and M. Wohlgenannt, Effective field theories on non- commutative 
space-time, Phys. Rev. D68, 025016 (2003), [hep-ph/0305027]. 

[20] U. Carow-Watamura, H. Steinacker and S. Watamura, Monopole bundles 
over fuzzy complex projective spaces, [hep-th/0404130]. 

[21] U. Carow-Watamura and S. Watamura, Noncommutniive geometry and 
go,uge theory on fuzzy sphere, Commun. Math. Phys. 212, 395 (2000), 
[hep-th/9801195]. 

[22] P. Castro- Villarreal, R. Delgadillo-Blando and B. Ydri, A gauge-invariant 
UV-IR mixing and the corresponding phase transition for U{1) fields on the 
fuzzy sphere, Nucl. Phys. B704, 111 (2005), [hep-th/0405201]. 



Bibliography 



139 



[23] B. L. Cerchiai, G. Fiore and J. Madore, Frame formalism for the N- 
dimensional quantum Euclidean spaces, [matli.qa/0007044]. 

[24] B. L. Cerchiai, R. Hinterding, J. Madore and J. Wess, The Geometry of a 
q-Deformed Phase Space, Eur. J. Phys. C8, 533 (1999), [math.qa/9807123]. 

[25] B. L. Cerchiai, A. F. Pasqua and B. Zumino, The Seiberg-Witten map for 
noncommutative gauge theories, [hep-th/0206231]. 

[26] C.-S. Chu and P.-M. Ho, Noncommutative open string and D-brane, Nucl. 
Phys. B550, 151 (1999), [hep-th/9812219]. 

[27] C.-S. Chu, V. V. Khoze and G. Travaglini, Notes on noncommutative in- 
stantons, Nucl. Phys. B621, 101 (2002), [hep-th/0108007]. 

[28] C.-S. Chu, J. Madore and H. Steinacker, Scaling limits of the fuzzy sphere 
at one loop, JHEP 08, 038 (2001), [hep-th/0106205]. 

[29] A. Connes, Gravity coupled with matter and the foundation of non- commu- 
tative geometry, Commun. Math. Phys. 182, 155 (1996), [hep-th/9603053]. 

[30] D. H. Correa, C. D. Fosco, F. A. Schaposnik and G. Torroba, On coordinate 
transformations in planar noncommutative theories, JHEP 09, 064 (2004), 
[hep-th/0407220]. 

[31] S. R. Das and S.-J. Rey, Open Wilson lines in noncommutative gauge theory 
and tomography of holographic dual supergravity, Nucl. Phys. B590, 453 
(2000), [hep-th/0008042]. 

[32] A. Dimakis and J. Madore, Differential calculi an linear connections, J. 
Math. Phys. 37, 4647 (1996). 

[33] M. Dimitrijevic et al., Deformed field theory on kappa-spacetime, Eur. Phys. 
J. C31, 129 (2003), [hep-th/0307149]. 

[34] M. Dimitrijevic, F. Meyer, L. Moller and J. Wess, Gauge theories on 
the kappa- Minkowski spacetime, Eur. Phys. J. C36, 117 (2004), [hep- 
th/0310116]. 

[35] M. Dimitrijevic, L. Moller and E. Tsouchnika, Derivatives, forms and vector 
fields on the kappa- deformed Euclidean space, J. Phys. A37, 9749 (2004), 
[hep-th/0404224]. 

[36] S. Doplicher, K. Fredenhagen and J. E. Roberts, The Quantum structure of 
space-time at the Planck scale and quantum fields, Commun. Math. Phys. 
172, 187 (1995), [hep-th/0303037]. 



140 



Bibliography 



[37] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. 
Mod. Phys. 73, 977 (2001), [hep-th/0106048]. 

[38] G. Felder and B. Shoikhet, Deformation quantization with traces, 
[math.qa/0002057]. 

[39] T. Filk, Divergencies in a field theory on quantum space, Phys. Lett. B376, 
53 (1996). 

[40] CD. Fosco and G. Torroba, Noncommutative theories and general coordi- 
nate transformations, Phys. Rev. D71, 065012 (2005), [hep-th/0409240]. 

[41] K. Furuuchi, Instantons on noncommutative and projection operators. 
Prog. Theor. Phys. 103, 1043 (2000), [hep-th/9912047]. 

[42] K. Furuuchi, Topological charge ofU{l) instantons on noncommutative R^, 
Prog. Theor. Phys. Suppl. 144, 79 (2001), [hep-th/0010006]. 

[43] P. H. Ginsparg and K. G. Wilson, A REMNANT OF CHIRAL SYMME- 
TRY ON THE LATTICE, Phys. Rev. D25, 2649 (1982). 

[44] L. Griguolo, D. Seminara and P. Valtancoli, Towards the solution of non- 
commutative YM(2): Morita equivalence and large N-limit, JHEP 12, 024 
(2001), [hep-th/01 10293]. 

[45] L. Griguolo and D. Seminara, Classical solutions of the TEK model and 
noncommutative instantons in two dimensions, JHEP 03, 068 (2004), [hep- 
th/0311041]. 

[46] L. Griguolo, D. Seminara and R. J. Szabo, Instantons, fluxons and open 
gauge string theory, [hep-th/0411277]. 

[47] H. J. Groenewold, On the Principles of elementary quantum mechanics, 
Physica 12, 405 (1946). 

[48] D. J. Gross, A. Hashimoto and N. Itzhaki, Observables of non- commutative 
gauge theories. Adv. Theor. Math. Phys. 4, 893 (2000), [hep-th/0008075]. 

[49] D. J. Gross and N. A. Nekrasov, Dynamics of strings in noncommutative 
gauge theory, JHEP 10, 021 (2000), [hep-th/0007204]. 

[50] D. J. Gross and N. A. Nekrasov, Solitons in noncommutative gauge theory, 
JHEP 03, 044 (2001), [hep-th/0010090]. 

[51] H. Grosse, C. Klimcik and P. Presnajder, Field theory on a super symmetric 
lattice, Commun. Math. Phys. 185, 155 (1997), [hep-th/9507074]. 



Bibliography 



141 



[52] H. Grosse and A. Strohmaier, Noncommutative geometry and the regular- 
ization problem of 4D quantum field theory, Lett. Math. Phys. 48, 163 
(1999), [hep-th/9902138]. 

[53] H. Grosse and H. Steinacker, Finite gauge theory on fuzzy CP^, Nucl. Phys. 
B707, 145 (2005), [hep-th/0407089]. 

[54] H. Grosse and R. Wulkenhaar, Renormalisation of phi** 4 theory on non- 
commutative R**4 to all orders, [hep-th/0403232]. 

[55] M. Hamanaka, ADHM/Nahm construction of localized solitons in noncom- 
mutative gauge theories, Phys. Rev. D65, 085022 (2002), [hep-th/0109070]. 

[56] J. A. Harvey, P. Kraus and F. Larsen, Exact noncommutative solitons, 
JHEP 12, 024 (2000), [hep-th/0010060]. 

[57] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections 
on fuzzy sphere, Nucl. Phys. B665, 520 (2003), [hep-th/0303120]. 

[58] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced 
model as superstring, Nucl. Phys. B498, 467 (1997), [hep-th/9612115]. 

[59] N. Ishibashi, S. , H. Kawai and Y. Kitazawa, Wilson loops in noncommu- 
tative Yang-Mills, Nucl. Phys. B573, 573 (2000), [hep-th/9910004]. 

[60] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge 
theory on fuzzy sphere from matrix model, Nucl. Phys. B604, 121 (2001), 
[hep-th/0101102]. 

[61] T. A. Ivanova and O. Lechtenfeld, Noncommutative instantons in 4k di- 
mensions, [hep-th/0502117]. 

[62] C. Jambor and A. Sykora, Realization of algebras with the help of *-products, 
[hep-th/0405268]. 

[63] B. Jurco, L. MoUer, S. Schraml, P. Schupp and J. Wess, Construction of 
non-Abelian gauge theories on noncommutative spaces, Eur. Phys. J. C21, 
383 (2001), [hep-th/0104153]. 

[64] B. Jurco, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued 
gauge transformations for non- Abelian gauge groups on non- commutative 
spaces, Eur. Phys. J. C17, 521 (2000), [hep-th/0006246]. 

[65] B. Jurco, P. Schupp and J. Wess, Noncommutative gauge theory for Poisson 
manifolds, Nucl. Phys. B584, 784 (2000), [hep-th/0005005]. 



142 



Bibliography 



[66] B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory 
via noncommutative extra dimensions, Nucl. Phys. B604, 148 (2001), [hep- 
th/0102129]. 

[67] B. Jurco, P. Schupp and J. Wess, Noncommutative line bundle and Morita 
equivalence, Lett. Math. Phys. 61, 171 (2002), [hep-th/0106110]. 

[68] D. Karabali, V. P. Nair and A. P. Polychronakos, Spectrum of Schroedinger 
field in a noncommutative magnetic monopole, Nucl. Phys. B627, 565 
(2002), [hep-th/0111249]. 

[69] Y. Kimura, Noncommutative gauge theory on fuzzy four-sphere and matrix 
model, Nucl. Phys. B637, 177 (2002), [hep-th/0204256]. 

[70] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B642, 
210 (2002), [hep-th/0207115]. 

[71] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. 
Math. Phys. 66, 157 (2003), [q-alg/9709040]. 

[72] A. Lorek, W. Weich and J. Wess, Nan- commutative Euclidean and 
Minkowski structures, Z. Phys. C76, 375 (1997). 

[73] J. Madore, The fuzzy sphere, Class. Quant. Grav. 9, 69 (1992). 

[74] J. Madore, Gravity on fuzzy space-time. Class. Quant. Grav. 9, 69 (1992). 

[75] J. Madore, The Fuzzy Sphere, [gr-qc/9709002]. 

[76] J. Madore, Noncommutative geometry for pedestrians, [gr-qc/9906059]. 

[77] J. Madore, An introduction to noncommutative differential geometry and 
its physical applications, Lond. Math. Soc. Lect. Note Ser. 257, 1 (2000), 
Cambridge Univ. Pr. 

[78] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncom- 
mutative spaces, Eur. Phys. J. C16, 161 (2000), [hep-th/0001203]. 

[79] D. Manchon, Poisson bracket, deformed bracket and gauge group actions in 
Kontsevich deformation quantization, [math.qa/0003004]. 

[80] B. Melic, K. Passek-Kumericki and J. Trampetic, Quarkonia decays into two 
photons induced by the space-time non-commutativity, [hep-ph/0503133]. 



Bibliography 



143 



[81] B. Melic, K. Passek-Kumericki, J. Trampetic, P. Schupp and M. Wohlge- 
nannt, The standard model on non- commutative space-time: Electroweak 
currents and Higgs sector, [hep-ph/0502249]. 

[82] B. Melic, K. Passek-Kumericki, J. Trampetic, P. Schupp and M. Wohlge- 
nannt, The standard model on non- commutative space-time: Strong inter- 
actions included, [hep-ph/0503064]. 

[83] F. Meyer and H. Steinacker, Gauge fi.eld theory on the E(q)(2)-covariant 
plane. Int. J. Mod. Phys. A19, 3349 (2004), [hep-th/0309053]. 

[84] D. Mikulovic, Seiberg-Witten map for superfields on canonically deformed 
N = 1, d = 4 superspace, JHEP 01, 063 (2004), [hep-th/0310065]. 

[85] D. Mikulovic, Seiberg-Witten map for superfields on N = (1/2,0) and N = 
(1/2,1/2) deformed superspace, JHEP 05, 077 (2004), [hep-th/0403290]. 

[86] S. Minwalla, M. Van Raamsdonk and X. Seiberg, Noncommutative pertur- 
bative dynamics, JHEP 02, 020 (2000), [hep-th/9912072]. 

[87] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge 
Phil. Soc. 45, 99 (1949). 

[88] N. Nekrasov and A. Schwarz, Instantons on noncommutative and (2,0) 
superconformal six dimensional theory, Commun. Math. Phys. 198, 689 
(1998), [hep-th/9802068]. 

[89] T. Ohl and J. Renter, Testing the noncommutative standard model at a 
future photon collider, Phys. Rev. D70, 076007 (2004), [hep-ph/0406098]. 

[90] Y. Okawa and H. Ooguri, An exact solution to Seiberg-Witten equation 
of noncommutative gauge theory, Phys. Rev. D64, 046009 (2001), [hep- 
th/0104036]. 

[91] L. D. Paniak and R. J. Szabo, Instanton expansion of noncommutative 
gauge theory in two dimensions, Commun. Math. Phys. 243, 343 (2003), 
[hep-th/0203166]. 

[92] L. D. Paniak and R. J. Szabo, Lectures on two-dimensional noncommutative 
gauge theory. II: Quantization, [hep-th/ 0304268]. 

[93] A. Pinzul and A. Stern, A perturbative approach to fuzzifying field theories, 
[hep-th/0502018]. 



144 



Bibliography 



[94] A. P. Polychronakos, Flux tube solutions in noncommutative gauge theories, 
Phys. Lett. B495, 407 (2000), [hep-th/0007043]. 

[95] N. Seiberg and E. Witten, String theory and noncommutative geometry, 
JHEP 09, 032 (1999), [hep-th/9908142]. 

[96] H. Steinacker, Quantized gauge theory on the fuzzy sphere as random matrix 
model, Nucl. Phys. B679, 66 (2004), [hep-th/0307075]. 

[97] A. Sykora, The application of *-products to noncommutative geometry and 
gauge theory, [hep-th/0412012]. 

[98] R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 
378, 207 (2003), [hep-th/0109162]. 

[99] J. Wess and B. Zumino, Covariant Differential Calculus on the Quantum 
Hyperplane, Nucl. Phys. Proc. Suppl. 18B, 302 (1991). 

[100] H. Weyl, Quantum mechanics and group theory, Z. Phys. 46, 1 (1927). 

[101] R. Wimmer, D0-D4 brane tachyon condensation to a BPS state and its 
excitation spectrum in noncommutative super Yang-Mills theory, JHEP 05, 
022 (2005), [hep-th/0502158]. 

[102] B. Ydri, Noncommutative chiral anomaly and the Dirac-Ginsparg-Wilson 
operator, JHEP 08, 046 (2003), [hep-th/0211209]. 

[103] B. Ydri, Exact solution of noncommutative U{1) gauge theory in 4- dimen- 
sions, Nucl. Phys. B690, 230 (2004), [hep-th/0403233]. 

[104] B. Ydri, Noncommutative U{1) gauge theory as a non-linear sigma model. 
Mod. Phys. Lett. 19, 2205 (2004), [hep-th/0405208]. 



